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ABSTRACT 
 
 
 

Vibrational energy harvesters capture mechanical energy from ambient vibrations and 

convert the mechanical energy into electrical energy to power wireless electronic systems. 

Challenges exist in the process of capturing mechanical energy from ambient vibrations. 

For example, resonant harvesters may be used to improve power output near their 

resonance, but their narrow bandwidth makes them less suitable for applications with 

varying vibrational frequencies. Higher operating frequencies can increase harvesters’ 

power output, but many vibrational sources are characterized by lower frequencies, such 

as human motions. This work presents the design, modeling, optimization, and 

demonstration of a new class of resonant vibrational energy harvesters that passively 

switch among dynamics with different characteristic frequencies to adapt to low-frequency 

excitations and changing vibrational environment. The passively-switched harvester 

consists of a driving beam that couples into ambient vibrations at low frequencies and a 

generating beam that converts mechanical energy into electrical energy at high frequencies. 

The interaction between the driving beam and the generating beam enables multiple 

characteristic dynamics of the system, namely coupled-motion dynamics and plucked 

dynamics. When the system passively switches between coupled-motion harvesting and 

plucked harvesting, its operational range is increased. The system is simulated in the time 

domain using a lumped element model that predicts power output. Based on the model, a 
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passively-switched harvester in which the driving beam faces the generating beam is 

designed and experimentally tested over an operational range of 0.1g-2.6g and 4 Hz-27 Hz. 

The experimental results agree with the simulation that the harvester has increased 

operational range due to the system’s ability of passive switching among multiple 

dynamics. To create a more compact system, a second passively-switched harvester is 

created in which the beams are nested together. The nested-beam configuration achieves a 

6X smaller device volume while retaining a similar system resonance. The nested-beam 

harvesters are experimentally tested within an operational range of 0.1g-2g and 5 Hz-22Hz, 

generating greater than 20 µW over a frequency range of 5.5 Hz-11 Hz at 0.8g. The nested-

beam harvester retains a similar normalized power density of 148 µW/cm3g2 at 0.5g and 

7Hz as compared with the facing-beam harvester.
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1. INTRODUCTION 
 
 
 

Many applications require data collected from wireless electronic devices. In a 

wireless sensor network (WSN), such wireless electronic devices serve as sensor nodes of 

an interactive information network. In portable electronic devices, these wireless electronic 

devices can be MEMS sensors integrated inside the product packaging. Such sensors can 

be used to monitor environmental conditions such as temperature, humidity and wind, or 

to measure physical parameters such as acceleration, luminance, sound and radiation, or to 

detect gases from living beings, pollution and combustion, or to monitor human body 

indices such as pulse, oximetry and ECG. Applications range among smart agriculture, 

smart grid, intelligent buildings, monitoring against chemical attack, seismic detection, 

wearable electronic devices, implantable devices and so on. However, for most of these 

applications, sensors are spatially deployed in either remote locations or in places that are 

costly to access, which makes charging sensors a key challenge for such applications.  

The power required by such sensors, usually below the microwatt scale, can be 

extracted from the ambient where the sensors are installed. Energy sources can be solar 

energy, thermal energy, wind, vibrations, electromagnetic energy (RF) and so on. Systems 

that capture ambient energy and convert it into electrical energy to power small electronic 

devices are called energy harvesters. Energy harvesters enable a low-maintenance and 
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long-term self-charging solution for sensors in applications such as WSN and portable 

electronic devices. In WSNs, the spatially-distributed sensors can be powered by energy 

harvesters to largely reduce the maintenance cost of replacing batteries. In implantable 

devices, unnecessary trauma of surgical battery replacement can be avoided by replacing 

batteries with energy harvesters.  

Many energy harvesters based on various energy sources have been reported in the 

literature [Tan 2011, Saadon 2011, Abdin 2013, Pinuela 2013, Harb 2011, Steingart 2009, 

Watral 2013]. Researchers have pointed out that among all ambient energy sources, 

vibrations are the most available and offer the highest available power [Harb 2011]. In 

vibrational energy harvesters, the mechanical power in the ambient vibrations is captured 

and delivered to a transducer.  The transducer converts the mechanical power into electrical 

power, for example via magnetic, electrostatic, or piezoelectric transduction. However, the 

process of extracting mechanical power and delivering it to the transducer in a useful form 

often limits the overall performance of harvesting systems. For example, the mechanical 

power in ambient vibrations may be captured by a resonant system to enhance the power 

that is delivered to the transducer. A resonant system undergoes increased displacement at 

its resonance, amplifying its power output at that frequency. On the other hand, a resonant 

system typically yields minimal power outside of a narrow bandwidth. In general, the need 

to match the system’s resonance frequency to the ambient driving frequency can limit the 

conditions under which a resonant system can output power. Resonant systems can pose 

additional challenges for extracting power from low frequency sources such as human 

motions; it is difficult to lower the resonance frequency of a compact system to match the 

ambient motions, and lower frequencies can reduce power output. Examples of harvesters 
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using various transducers and state-of-the-art solutions for capturing the ambient energy 

will be reviewed in the following chapter. 

 

1.1. Energy harvesting for wireless sensor networks 

A wireless sensor network (WSN) is a wireless network consisting of spatially 

distributed autonomous devices using sensors to monitor physical or environmental 

conditions [National Instruments 2016]. The technology for WSNs has been developing 

quickly with the rise of the Internet of Things (IoT). WSN technology and the IoT both 

require wireless sensors to be deployed for the long-term wireless monitoring and control 

of the physical objects on which the sensor nodes are deployed. Such WSN-based 

applications like smart homes, smart agriculture, medical sensing and intelligent 

transportation systems are expected to transform human lives for higher productivity, 

sustainability and intelligence. 

In the field of smart agriculture, according to The Economist magazine, a Dutch 

company implanted sensors in the ears of cattle so that farmers could monitor cattle’s 

health and track their locations [The Economist 2010]. In the field of intelligent buildings, 

sensors are embedded in infrastructure like buildings and bridges to monitor their 

mechanical stresses. Such stresses can be as deadly as the bridge collapse that occurred in 

Minneapolis, Minnesota in 2007 that killed 13 people and injured 145 more during rush 

hour [Hankel 2010]. Wireless sensors can also be embedded inside machines at locations 

that are inaccessible for cables or battery replacements. One example is wireless tire-

pressure monitoring system (TPMS). Pressure sensors are installed inside tires to measure 

real time tire pressures. TPMS sensors powered by energy harvesters are reported using 
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various transduction mechanisms [Bowen 2014]. Besides the selected samples above, other 

applications of WSN include detecting forest fires, detecting hazardous gases to prevent 

exposure, precision agriculture and so on. 

However, power supply of the sensor nodes is a critical challenge for WSN. As sensors 

in these applications are usually spatially distributed in remote or inaccessible locations, 

charging or replacing their batteries becomes costly, and for many cases, impossible. 

Increasing the battery volume will not fundamentally solve the issue and largely limits the 

applicable field of WSN. Energy harvesters are therefore highly valuable for WSN-based 

applications. 

 

1.2. Energy harvesting from the human body 

Accordion to IHS, a financial services company, consumers will be wearing close to 

500 million sensors by the year of 2019 [Nissila 2014]. Commercial products such as smart 

watches, action cameras, health monitors and pacemakers require wireless operation using 

low power. However, most of these products suffer from the fact that their batteries need 

to be recharged after a certain period, which brings users inconvenience and sometimes 

unnecessary trauma and pain. Energy harvesters can be used to power these wearable 

sensors by extracting energy from the human body.  

Extracting energy from the human body to power portable electronic devices is 

challenging. Thermal energy harvesting is difficult because the human body has a small 

temperature gradient. Solar energy harvesting is highly limited by the device volume and 

by the fact that it cannot work inside of a human body to power implantable devices. 

Capturing mechanical energy from human motion and converting it to electrical output is 
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also challenging because human motions such as walking and running are mostly slow and 

random. Human motions’ frequency range is usually below 10 Hz, which is much lower 

than the resonance of conventional vibrational energy harvesters.  

 

1.3. Thesis goal  

The goal of this thesis is to create and optimize new resonant vibrational energy 

harvesters that can capture mechanical energy from low-frequency ambient vibrations 

(such as human motion) and deliver the mechanical power to a transducer over an extended 

operational frequency range without the need for an external tuning input. The 

contributions of this thesis are listed below: 

 

• An energy harvester is created in which the interactions between two oscillating 

beams (one for vibration capture and one for transduction) create multiple modes 

for the system’s dynamics. Simulation results show that the system passively 

switches among these dynamical modes, increasing the harvester’s operational 

frequency range as compared with a conventional resonant energy harvester. 

 

• A passively-switched energy harvester in which the two beams face each other is 

experimentally built and tested under conditions that mimic the simulated 

operational range. The experimental results demonstrate the predicted performance 

and extended operational range. 
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• An alternative, passively-switched harvester is created in which the two beams are 

nested together in a parallel configuration, and the impact of this geometry on the 

system’s physics is modeled. The nested-beam harvester successfully reduces the 

device volume by 6X as compared with original configuration, while retaining 

similar system resonance, maximum normalized power density and increased 

operational range. 

 

1.4. Agenda 

In order to systematically present the contributions listed above, the thesis will follow 

the agenda below. 

Chapter 2 will give a review on energy harvesters using various energy sources and 

focus on state-of-the-art vibrational energy harvesters. The chapter will first review 

vibrational energy harvesters based on electromagnetic, electrostatic and piezoelectric 

transducers. Then reported techniques for addressing the widespread challenges of 

effectively capturing energy from the ambient vibrations and delivering it to the transducer 

will be summarized.  

Chapter 3 will present an introduction to piezoelectric transduction for vibrational 

energy harvesters. The chapter will first introduce the physics of the piezoelectric effect 

with typical piezoelectric materials. Then the governing equations for designing 

piezoelectric generators based on bending mechanics and piezoelectric physics will be 

presented. 

Chapter 4 will present the modeling of a new type of vibrational energy harvester that 

passively switches between two dynamical modes of operation to expand the range of 
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driving frequencies and accelerations over which the harvester effectively extracts power. 

Analytical system models are implemented numerically in the time domain for driving 

frequencies of 3 Hz to 27 Hz and accelerations from 0.1 g to 2.6 g, and both system 

dynamics and output power are predicted.  

Chapter 5 will present the experimental results of the first generation passively-

switched harvester. The prototype is tested on a shaking platform while the voltage, power, 

and dynamics are recorded in real time. The experimental results confirm that the 

passively-switched energy harvester has increased operational range due to its passive 

switching between coupled operation and plucked operation. 

Chapter 6 will present models and experiments of a down-scaled, passively-switched 

energy harvester based on a new nested-beam architecture. Models of dynamics and 

experiments are discussed for predicting the frequency range of the nested-beam harvester. 

A practical nested-beam harvester model is experimentally tailored and tested over a 

frequency range of 5 Hz to 22 Hz and an acceleration range of 0.1 g to 2 g. Experimental 

results are analyzed showing how the new architecture affects the dynamics and harvesting 

performance of the system. 

Chapter 7 will present the conclusions, including the central results, contributions, and 

key lessons learned of the thesis.  Directions for future work will also be presented. 

The appendices will present supporting detail about the design and simulation of the 

harvesters, as well as the design and modeling of a rotational energy harvester that 

passively tunes its beam length for resonant performance over a very high frequency range. 
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2. LITERATURE REVIEW 
 
 
 

There are many types of energy harvesters that extract electrical energy from different 

ambient energy sources via various transduction mechanisms. This chapter provides a 

thorough review of state-of-the-art energy harvesters with key examples. Section 2.1 will 

provide an overview energy harvesting technologies using solar, thermal and 

electromagnetic energy sources. Section 2.2 will focus on vibrational energy harvesters. 

First, the section will give an overview of the operational principles of vibrational energy 

harvesters. Then physics and examples of harvesters using key transduction mechanisms 

including electromagnetic, electrostatic and piezoelectric transduction mechanisms will be 

introduced. Finally, the primary challenges of vibrational harvesters in capturing 

mechanical energy and delivering it to the transducers will be discussed. Various 

techniques used to address these challenges will be presented.  

 

2.1. Ambient energy sources 

As described in Chapter 1, energy harvesters can extract energy from ambient sources, 

convert it to electrical energy, and use it to power electronic devices wirelessly. Energy 

harvesters based on solar energy [Tan 2011, Abdin 2013], thermal energy [Harb 2011], 

electromagnetic energy [Pinuela 2013], and mechanical energy [Saadon 2011] have been 

reported recently. Among many review papers, including [Steingart 2009, Harb 2011, 

Watral 2013], Harb et al. describes many harvesters that use the energy sources mentioned 

above and concludes that vibrations are the most available energy source and provide the 

highest output powers [Harb 2011].  
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2.1.1. Solar energy harvesting 

The sun supplies energy to the planet, and solar harvesting captures some of that 

sunlight directly and converts it to electricity. Solar technologies including solar 

photovoltaics (PV) and concentrating solar power (CSP) are widely used to convert 

sunlight into electrical energy. A recent review of solar technologies and applications can 

be found in [Devabhaktuni 2013].  

One example is found in [Roundy 2003], in which a self-contained 1.9 GHz radio 

frequency transmit beacon is reported. The device is powered by a cadmium telluride 

(CdTe) solar cell that is attached on the back side of a PCB and charges a capacitor on the 

front. The solar powered beacon achieves 100% duty cycle under high light conditions.  

Solar cells based on the photoelectric effect are suitable for applications relevant to 

energy harvesters such as wireless sensor networks and portable electronic devices.  

However, the availability of solar energy is unpredictable due to its high dependence on 

weather conditions. Moreover, devices that are required to be installed under clothes or 

inside the human body can hardly be charged by solar energy. 

 

2.1.2. Thermal energy harvesting 

Thermal gradients arise as a result of many processes, including the burning of fuel 

and geothermal processes. Thermoelectric energy harvesters extract electrical energy from 

temperature gradients. The energy extraction is enabled by the Seebeck effect, in which the 

temperature difference across a conductor or semiconductor results in a net flow of 

electrons from the high-temperature side to the low-temperature side so that an electrical 

current (and voltage) are generated.  
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One example of thermoelectric harvesting may be found in [Kishi 1999]. Kishi et al. 

developed a thermoelectric device that can power a wrist watch. With a temperature 

difference of 2°C between the high-temperature substrate and the low-temperature 

substrate, the thermoelectric device can produce an power output of 5.6 mW with a load 

resistance of 1 kW. A wrist watch can be driven by connecting 16 such thermoelectric 

devices in series at room temperature.  

However, the performance of such thermoelectric energy harvesters is limited by the 

available temperature difference of the application and the Carnot efficiency. The 

requirement of high temperature difference for high power output conflicts with the low 

temperature difference available in many applications, such as harvesting energy from the 

human body.  

 

2.1.3. RF energy harvesting 

In the presence of electronics or radiated power sources such as TV/radio transmitters 

and mobile base stations, there are typically electromagnetic fields. Another group of 

energy harvesters can generate electrical power by capturing energy from the 

electromagnetic field in the free space. The high-frequency electromagnetic energy can be 

converted into electrical current by using a dipole antenna to capture the electromagnetic 

waves and a diode connected across the dipole to rectify the AC current into DC current. 

Aparicio et al. and Lu et al. recently present a good introduction and review of such energy 

harvesters [Lu 2015, Aparicio 2016]. 

Although electromagnetic energy sources usually have low power densities (0.01-0.1 

µW/cm2) as compared with other sources [Lu 2015], the power in free space can be useful 
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for remotely distributed sensors. However, in order to capture enough electromagnetic 

energy from waves in free space, independent antennas and matching circuits need to be 

specifically designed, which is challenging for electronics requiring small device volumes. 

 

2.2. Vibrational energy harvesters 

This thesis concentrates on vibrational energy harvesters. Vibrational energy 

harvesters can be made by using resonant systems or non-resonant systems. An example 

of a non-resonant harvester is found in [Bowers 2009]. Bowers et al. developed a non-

resonant system in which a magnetic ball moves inside a human-carried, coil-wrapped 

sphere, thereby generating power. The non-resonant design avoids the typically higher 

resonant frequencies of smaller systems. Resonant energy harvesters are numerous and 

typically consist of a mass-spring-damper oscillator integrated with a transducer that 

converts mechanical energy into electrical energy.  
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Figure 2.1. Schematic diagram of a single degree of freedom lumped parameter model for 
vibrational energy harvesters. 
 

The simplest resonant harvester systems can be modeled as a single degree of freedom 

lumped spring-mass-damper system [Williams 1996], as shown in figure 2.1. The model 

consists of a proof mass m connected to the vibrating platform by a spring k, and a damper 

c representing the energy dissipation in mechanical form and electrical form. The 

governing equation of motion for such one-dimensional spring-mass system can be written 

as   

 

)()()()( tymtkztzctzm !!!!! -=++       (2.1) 

 

where y(t) is the displacement of the platform and z(t) is the relative motion of the proof 

mass with respect to the platform. 

In equation (2.1), the converted energy is modeled as the energy dissipated through 

the electrical damping. In a conventional spring-mass-damper system such as the one 
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described here, the dissipation is proportional to the velocity. This model is accurate for 

harvesters using electromagnetic transducers; for example, the velocity of a magnet can 

drive changes in magnetic flux through a coil, which then induce voltages. For some other 

transduction mechanisms, such as piezoelectric transducers, the energy conversion is 

proportional to displacement rather than velocity. However, although the spring-mass-

damper model may not accurately describe the energy conversion for all transducers, 

results from this model are often used for analysis of harvesting performance. 

For a sinusoidal excitation )sin(0 tYy w= , the generated power from the vibrational 

energy harvester can be derived as 
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where Y0 is the amplitude of the acceleration on the proof mass, ζT is the total damping 

coefficient including mechanical damping and electrical damping, and ωn is the resonant 

frequency of the system. The power output reaches its maximum value when the excitation 

frequency equals the resonance frequency. Thus the power output at the harvester’s 

resonance frequency can be derived as 
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where ζm is the mechanical damping coefficient. Equation (2.3) shows that the power 

output at resonance frequency is proportional to the amplitude of excitation squared.  

Mitcheson et al. derived the maximum converted energy of a resonant harvester by 

multiplying the total distance 4Zl traveled during an oscillating cycle by the force 𝑚𝜔#𝑌% 

applied on the proof mass to obtain a maximum converted energy of 4𝑍(𝑚𝜔#𝑌% 

[Mitcheson 2008]. The maximum power can then be derived by dividing the maximum 

energy by the excitation period #)
*

 as 

      

mZYP l
3

0max
2 w
p

= .       (2.4) 

 

Although the equation above overestimates the maximum converted power (because the 

acceleration involved is sinusoidal instead of constant at the maximum value), the 

expression clearly indicates that the power generation is limited by the oscillator’s 

maximum displacement. 

 

2.2.1. Transduction mechanisms of vibrational energy harvesters 

 

2.2.1.1. Electromagnetic energy harvesters 

A vibration-based electromagnetic energy harvester produces power via the relative 

movement between a permanent magnet and a coil. Such a system can be effectively 

realized by a resonating spring or cantilever beam, in which either the permanent magnet 
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or the coil can be chosen to be mounted on the cantilever while the other stays fixed. The 

voltage output of the coil is determined by Faraday’s Law as  

 

ℇ = −./0
.1

,        (2.5) 

 

where ℇ is the electromotive force (EMF) and FB is the magnetic flux. The key parameters 

affecting the generated power are the strength of the magnetic field, the relative velocity 

between the magnet and coil, and the number of turns of the coil.  

Amirtharajah et al. reported a self-powered signal processor based on electromagnetic 

energy harvesting [Amirtharajah 1998]. In their device, a coil is mounted on the proof mass 

of a mass-spring oscillator with a permanent magnet fixed below. The transducer generates 

electrical current in the coil when the proof mass vibrates above the permanent magnet.  

The harvester was estimated to have an average power output of 400 µW under a stochastic 

excitation simulating human walking. 

More recently Ylli et al. developed an electromagnetic energy harvester that is 

excited by the shock produced by a heel strike [Ylli 2015]. In their device, a metal arm is 

mounted on a pivot; a magnet is attached at the free end of the arm. The arm’s free end is 

suspended between two additional magnets, one above and one below the free end of the 

arm. The electromagnetic transducer (magnetic circuit) is assembled near the free end of 

the arm. The device achieves a maximum average power output of 4.13 mW at a walking 

speed around 5 km/h with a device volume of 48 cm3. Other examples of harvesters using 

electromagnetic transducers can be found in [Shearwood 1997, El-hami 2001, Spreemann 

2012, Salauddin 2016]. 
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2.2.1.2. Electrostatic energy harvesters 

An electrostatic energy harvester usually consists of a fixed electrode plate and a 

movable electrode plate with a separation between the two. Charges are stored between the 

two plates by connecting the harvester to a voltage source before operation. The voltage 

across the capacitor is  

 

C
QV = ,          (2.6) 

 

in which Q represents the charge and C represents the value of capacitance. The 

capacitance C can be expressed as 

 

D
A

C 0e= ,         (2.7) 

 

in which e0 is the dielectric constant of free space, A is the overlap footprint area of the two 

plates forming the capacitor, and D is the vertical distance between the two plates. 

The generated power comes from the work done against the electrostatic force when 

relative movement between the two electrode plates changes the capacitance. The 

electrostatic force depends on the capacitor’s geometry and the amount of charge stored. 

Mitcheson et al. concluded that at the micro-scale, electrostatic transducers become more 

suitable than electromagnetic transducers as they are more compatible with MEMS 

fabrication and produce greater power densities [Mitcheson 2008]. 
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An example of an electrostatic energy harvester is found in [Meninger 2001]. The 

harvester consists of a proof mass with comb fingers on both sides, a pair of folded springs 

connecting the mass to the anchors, and two stationary combs interdigitating with the mass’ 

combs. When the mass oscillates, the capacitance between the two pairs of combs changes, 

which generates electrical current. The device was predicted to achieve a power output of 

8 µW. Such a system’s power output can be improved by increasing the capacitance change 

during mass oscillation, for example by using longer comb fingers or by adding more 

fingers.  

 

2.2.1.3. Piezoelectric energy harvesters 

Energy harvesters using piezoelectric transducers have drawn considerable attention 

recently. Thorough reviews of piezoelectric energy harvesters are given in [Kim 2007, 

Saadon 2011]. Piezoelectric transducers are attractive for energy harvesters as the 

transduction mechanism is simple. A piezoelectric material can generate an electric field 

when an external mechanical force is applied. The governing equations of a piezoelectric 

material and their application to bending-beam piezoelectric energy harvesters are 

described in detail in Chapter 3. 

Roundy et al. presented a particularly well-known early example of such a 

piezoelectric energy harvester using a piezoelectric cantilever [Roundy 2004]. In their 

device, the cantilever is made of two piezoelectric layers with a metal shim in between. A 

metal block is simply attached at the free end of the cantilever as a proof mass. When 

accelerations couple into the proof mass, the piezoelectric beam bends, inducing bending 

stresses and voltages in the piezoelectric material. An experimental prototype with an 
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overall volume of 1 cm3 achieves a power output of 375 µW under a driving frequency of 

120 Hz and an acceleration of 0.26 g.  

The energy harvesters presented in this thesis all use piezoelectric transducers. Chapter 

3 will give a detailed introduction on piezoelectric transduction. 

 

2.2.2. Energy capture by vibrational energy harvesters 

In vibrational energy harvesters, mechanical energy is converted into electrical energy 

in two steps. First, mechanical energy is captured from ambient vibration and delivered to 

the transducer. Second, the transducer converts the delivered energy from the mechanical 

domain into the electrical domain. Regardless of the chosen type of transducer, challenges 

often exist in the first step, which limits the frequency range and power output of such 

energy harvesters.  

As discussed in the context of equation (2.2), resonant harvesters only have large 

displacements when the excitation frequency is at their resonance frequencies. Resonant 

systems usually have narrow bandwidths of harmonic oscillation, so that such harvesters 

can only have improved power output in a small frequency range. This makes such 

harvesters challenging for applications in which the ambient frequency varies over time. 

Another challenge is that the maximum power of a resonant harvester is limited by the 

maximum displacement of its proof mass and increases with higher excitation frequency 

as shown in equation (2.3). For a resonant system with a fixed resonance frequency, 

increasing the excitation frequency beyond the resonance will quickly reduce the 

displacement of the proof mass. On the other hand, increasing the maximum possible 

displacement of the structure will inevitably decrease the resonance frequency of the 
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system. Hence it is important to find a solution in which resonant harvesters can be driven 

at a low resonance frequency but are capable of generating power at a high frequency. 

 

2.2.2.1. Frequency up-conversion 

For resonant systems, the technique called frequency up-conversion has been 

extensively studied recently [Kulah 2008, Jung 2010, Pozzi 2011, Gu 2011, Tang 2011, 

Pillatsch 2012, Zhu 2015]. In frequency up-conversion, the system couples into low 

frequency ambient excitations and delivers some of the captured energy to the parts of the 

transduction mechanism, which has a higher characteristic frequency of operation. The 

system usually consists of a low-resonance driving element that couples to the low ambient 

driving frequency and a generating element that has high resonance frequency for increased 

power output. Low-frequency ambient motions can be converted to higher frequency 

motions of the generating element via the interaction between the two elements. Frequency 

up-conversion can decrease resonant systems’ high resonance frequency to permit large 

internal displacements of the driving element while retaining efficient power output at the 

transducer’s high resonance frequencies. 

Frequency up-conversion can be accomplished by physical contact (usually impact) 

of a driving element with the generating element  [Pozzi 2011, Gu 2011, Jung 2010, Liu 

2014, Liu 2015] or through non-contact interactions such as magnetic force [Kulah 2008, 

Tang 2011, Zhu 2015]. For both types of interactions, the operation mode of frequency up-

conversion can be categorized based on the type of interaction dynamics between the 

driving element and the generating element. In some cases [Gu 2011], the driving element 

and generating element bounce off each other. In other cases [Pozzi 2011], the driving 
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element and the generating element pass each other, so that the generating element is 

plucked. Such a harvester’s performance largely depends on the dynamics of frequency 

up-conversion. 

Gu et al. describe the modeling and experimental demonstration of a harvester using 

coupled-motion frequency up-conversion [Gu 2011]. The system has a low-frequency 

driving beam that impinges on a higher-frequency piezoelectric generating beam. After 

impact, the driving beam bounces off the generating beam. During the bounce, the beams 

move together in something called coupled motion. After the bounce, the beams move 

separately. The repeated bouncing leads to recurring cycles of coupled and individual 

motion of the two beams, similar to a person bouncing on a trampoline. In coupled-motion 

frequency up-conversion, power is generated primarily during the two beams’ coupled 

motion and exceeds that produced by a comparably-sized, conventional single-beam 

harvester. 

An example of plucked frequency up-conversion harvesting is demonstrated in [Pozzi 

2011]. A set of PZT bimorph beams are mounted on a rotor. When the rotor rotates, the 

PZT beams move relative to plectra that are mounted on a surrounding stator. As the 

harvester operates, each PZT bimorph is repeatedly plucked by the plectra mounted on the 

stator. When a plectrum moves past a PZT generating beam, it first deflects it, then moves 

past it and releases it to ring down. This architecture enables the mechanical energy that 

drives the stator’s low frequency rotational motion to be extracted by the generating beams 

at their higher resonance frequency. Pillatsch et al. reported another example of plucked 

harvesting in [Pillatsch 2012]. In that device, a metal cylinder rolls inside a track above an 
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array of piezoelectric beams with magnets at their tips. Plucking is achieved by the 

magnetic force between the metal cylinder and the tip magnets of the generating beams. 

In frequency up-conversion, the use of a low-frequency driving element reduces the 

system’s resonance for better coupling into human-induced motions. However, the large 

displacement of the driving element significantly increases the operating volume of the 

harvesting system. This issue can be improved by separating the proof mass from the 

transducer to form a non-resonant system.  

Minh et al. demonstrated an impact-based piezoelectric energy harvester [Minh 2015]. 

Their device consists of a piezoelectric generating beam above a metal ball guided in a 

cylindrical cavity. The motion of the metal ball is limited by the distance between the 

generating beam and the bottom of the cavity. The power output of their experimental 

harvesters increases in a wide frequency range from 20 Hz to 150 Hz under an acceleration 

of 4g.   

 

2.2.2.2. Resonance broadening 

As a resonant system usually has a single harmonic with a narrow bandwidth [Qian 

2013, Cassella 2016], broadening a resonant harvester’s frequency range for improved 

power output is highly desired. Resonant harvesters’ bandwidth can be extended by using 

nonlinear systems. Nonlinear systems can be achieved by adding nonlinear elements such 

as nonlinear springs or motion stops into the resonating system. Thorough reviews of such 

energy harvesters using nonlinear systems are given in [Zhu 2010, Harne 2013].  

One approach to adding nonlinear elements is to make the spring k in the spring-mass 

system nonlinear. This can be realized by replacing the traditional spring with a nonlinear 
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Duffing spring. For Duffing springs, the spring force behaves as 𝐹 = 𝑘4𝑥 + 𝑘7𝑥7, in which 

x represents the displacement of the proof mass. When the displacement is small, the linear 

part 𝑘4𝑥 dominates the spring force. When the displacement increases, the nonlinear term 

𝑘7𝑥7 begins to dominate the spring force, causing the resonance to shift towards the driving 

frequency. 

An example of resonant harvesters using nonlinear springs can be found in [Mann 

2009]. The harvester has a center magnet as the proof mass suspended by two side magnets 

fixed on the top and bottom of the support, both repelling the center magnet. The magnetic 

restoring forces between the side magnets and the center magnet perform as the nonlinear 

spring. More recently, Salauddin et al. presented an electromagnetic energy harvester using 

a magnetic spring as well [Salauddin 2016]. The system’s resonance shifts with the driving 

frequency, increasing the frequency range of improved power. 

Another approach to broaden resonant harvesters’ frequency range is to build a 

nonlinear system by using bistable systems. A bistable system has two statically stable 

equilibrium states. The inertial mass either oscillates around one stable state or snaps back 

and forth between the two stable states depending on the excitation amplitude [Harne 

2013].  

Erturk et al. exploited a bistable energy harvester configuration based on a 

piezomagnetoelastic structure [Erturk 2009]. Their device consists of a ferromagnetic 

cantilever with two piezoelectric pads fixed near the mounting position. Two magnets with 

the same direction of polarization are installed on the platform with equal offset from the 

center, attracting the cantilever. The system is designed to have two stable equilibrium 

positions. Modeling and experiment both show that the device performs periodic 
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oscillations with large amplitude over a wide frequency range. The harvester achieves a 

200% larger open circuit voltage as compared with a harvester without bistability. 

Besides nonlinear springs and bistable system, nonlinear systems can also be achieved 

by using mechanical motion stops, also known as end stops. Le et al. extended the 

bandwidth of an electrostatic energy harvester by adding end stops to limit the proof mass 

motion [Le 2012]. In their device, protrusions on the four fixed anchors serve as the end 

stops for the proof mass. When the amplitude of excitation increases or the driving 

frequency gets close to the resonance frequency, the proof mass impacts the end stops so 

that the device behaves nonlinearly. With motion stops, such a harvesting system usually 

performs a voltage or power saturation phenomenon (power plateau) around the resonance 

frequency, instead of the voltage or power peak observed for a typical linear system without 

motion stops. Although the peak power is decreased due to the power plateau, the 

frequency range is significantly increased.  

 

2.2.2.3. Resonance tracking 

Resonant harvesters’ resonance frequencies can also be tuned to match a time-varying 

driving frequency. The narrow bandwidths of resonant energy harvesters can be extended 

by tuning key elements of the mass-spring system, namely the stiffness of the spring, to 

match the system resonance to the varying driving frequency. Many examples are given in 

[Zhu 2010, Harne 2013] and the references therein. Among these techniques, a harvester’s 

bandwidth can be actively tuned by applying external tuning input, such as an axial preload, 

to adjust the resonance frequency to match the driving frequency, by either manual means 

or a sensor-controlled tuning system.  
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Eichhorn et al. developed a piezoelectric energy harvester in which the resonance 

frequency is tuned by applying mechanical stress onto the structure [Eichhorn 2009]. The 

preload is controlled by manually adjusting the displacement of the spring, and the 

resulting axial force is delivered by the two arms connecting the free end of the harvesting 

beam. The resonance frequency of the resulting device can be tuned in the range of 292 

Hz-380 Hz with compressive loading and 440 Hz-460 Hz with tensile loading. 

The energy required for active tuning can also be from the energy generated by the 

harvester itself. For example, Eichhorn et al. reported another piezoelectric energy 

harvester that can self-tune its resonance frequency [Eichhorn 2011]. The structure consists 

of a piezoelectric generator and a piezoelectric actuator applying axial load onto the 

generator. The device also has a control unit that decides the amount of harvested power 

transferred to the actuator based on the analysis of the ambient vibration frequency. 

Although the minimal power required is quite low at 10% of the generated power, some 

power will always be required to drive this type of active tuning. Other examples of 

actively-tuned energy harvesters include [Leland 2006, Peter 2009].  

Passive tuning, or self-tuning, does not consume extra energy. Passively tuned systems 

leverage a system’s inherent nature to adapt its resonance frequency to the ambient 

frequency without external intervention. Gu et al. developed self-tuning energy harvesters 

for rotating applications [Gu 2010, Gu 2011]. A composite beam of piezoelectric material 

and plastic is mounted along the radial direction of a rotating platform. The cantilever’s 

stiffness is tuned by the tensile stress caused by the varying centrifugal force. This self-

tuning harvester achieves a bandwidth of 8.2 Hz with a center resonance frequency of 13.2 

Hz. 
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Another example of a passively-tuned harvester is found in [Miller 2013], in which a 

self-tuning phenomenon was discovered for a resonant harvester. In their device, a slider, 

as the proof mass, can move freely on a double-clamped piezoelectric beam. When the 

driving frequency changes, the proof mass can slide along the beam adapting the resonance 

frequency to the driving frequency. All of the systems demonstrated in [Miller 2013] 

achieve wide bandwidth between 6 Hz and 40 Hz. Other examples of passively-tuned 

energy harvesters can be found in [Marzencki 2009, Wang 2012, Liu 2012]. 
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3. PIEZOELECTRIC TRANSDUCTION 
 
 
 
3.1. Piezoelectric effect 

The piezoelectric effect was first discovered by Pierre and Jacques Curie in 1880. They 

found that some types of crystals develop charges on their surfaces when they are 

compressed. They also found that the polarization of these charges is related to the direction 

of the force and that the charge values are proportional to the strain of the material. This 

electromechanical phenomenon is now referred to as the direct piezoelectric effect. 

Piezoelectric materials are also found to have the ability of generating mechanical 

deformation in response to external electrical field, which is referred to as the converse 

piezoelectric effect. Converse piezoelectric effect has been used to convert electrical 

energy into mechanical energy such as motoring or actuating [Yang 2015, Yang 2016], 

whereas the direct piezoelectric effect is adopted for converting mechanical energy into 

electrical energy, which in other words as power generation. This chapter will introduce 

the basic physics of piezoelectric power generation.  

Figure 3.1 schematically describes the piezoelectric effect. For example, when a 

compressive force is applied to a piezoelectric material, a positive voltage is generated due 

to the piezoelectric effect (figure 3.1(a)). Reversely, when a tensile force is applied to a 

piezoelectric material, a negative voltage is generated (figure 3.1(b)). In this way, the 

piezoelectric effect connects the mechanical field with the electrical field, converting 

energy from mechanical form into electrical form. In the schematics of figure 3.1, the 

applied forces and the generated electrical field are in the same direction, which is 

conventionally called the 3 direction, though there are also perpendicular components of 
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generated electric field (not shown in the schematics), which are conventionally referred 

to  as the 1 direction. When the applied force and the generated voltage of interest are in 

the same direction, the piezoelectric generator is described as operating in 33 mode.  When 

the applied force and the generated voltage of interest are in perpendicular directions, the 

piezoelectric generator is described as operating in 31 mode. 

 

Figure 3.1. Schematic diagrams showing the piezoelectric effect. The dashed outline 
represents the object’s original shape; the solid outline represents the object’s deformed 
shape. 
 

Frequently-used piezoelectric materials include piezoelectric ceramics such as lead 

zirconate titanate (PZT) and piezoelectric polymers such as polyvinylidene fluoride 

(PVDF). The crystal structure of piezoelectric ceramics is close to a cube in which, for 

example, eight metal ions with two negative charges take positions at the eight corners, six 

oxygen ions with two native charges take positions at the six faces, forming tetragons inside 

the cube, and a metal ion with four positive charges is located at the center of the cube and 

the tetragon. When the temperature of the material is above a certain value called the Curie 

temperature (which depends on the material), each crystal has a symmetric structure with 
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no electric dipole. When the temperature goes below the Curie temperature, the crystal 

cube turns dissymmetric resulting in an electric dipole in a certain direction. If such dipoles 

randomly distribute inside a material, the material does not show net polarization. However, 

piezoelectric ceramics are ferroelectric below the Curie temperature with permanent 

polarization and deformation after being poled by an electric field. In this way, such 

materials have the ability to generate electric field in response to strain or to undergo strain 

in response to external electric field.  

Piezoelectric polymers such as PVDF are also widely used as electrical generators. 

The structure of PVDF depends on the structure of the molecular chain resulting in 

different polymer phases. Similarly, when poled, PVDF is a ferroelectric material that 

exhibits the piezoelectric effect. Detailed descriptions of the piezoelectric effect and of 

other piezoelectric materials can be found in the literature including [Tichy 2010, Bowen 

2016]. 

 

3.2. Governing equations of piezoelectric generator 

Piezoelectric energy harvesters typically work in either 33 mode or 31 mode, in which 

the first digit represents the direction of the generated polarization and the second digit 

represents the direction of stress or strain. Figure 3.2 schematically shows the piezoelectric 

material operating in 33 mode and 31 mode. In figure 3.2(a), the piezoelectric material 

generates voltage in the 3 direction when being compressed in the 3 direction. The direction 

of the applied stress or strain is the same as the direction of the generated electric field, 

similar with figure 3.1. In figure 3.2(b), the piezoelectric material generates voltage in the 
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3 direction when being stretched in the 1 direction. The direction of the applied stress or 

strain is perpendicular to the direction of the generated electric field.  

 

 

Figure 3.2. Schematic view of piezoelectric beams generating voltage in (a) 33 mode and 
(b) 31 mode. The dashed outline represents the original shape; the solid outline represents 
the deformed shape. 

 

The linear constitutive equations of a piezoelectric material can be written in tensor 

form as below [Erturk 2011, Moheimani 2006] 
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in which Sj are the strain components, 𝑠FGH  are the elastic compliance constants, sj are the 

stress components, 𝜖J  and 𝜖K are the electric field components, Dm is the electric 

displacement component, which reflects the effects of electric charges, dmi are the 

piezoelectric strain coefficients, and se ik  are the dielectric constants. For homogeneous 

piezoelectric materials operating in 33 mode, equation (3.1) and (3.2) can be simplified as 

 

𝑆7 =
𝜎3
𝐸 + 𝑑77𝜖7,        (3.3) 

𝐷7 = 𝑑77𝜎7 + 𝜀𝜖7,       (3.4) 

 

in which E is Young’s modulus of the material and e is the dielectric constant. Similarly, 

for homogeneous piezoelectric materials operating in 31 mode, the linear constitutive 

equations become 

 

𝑆4 =
𝜎1
𝑌 + 𝑑74𝜖7,        (3.5) 

𝐷7 = 𝑑74𝜎4 + 𝜀𝜖7.       (3.6) 

 

For a piezoelectric material applied with uniform stress s, the generated open circuit 

voltage can be derived from equation (3.4) and (3.6), by assuming zero electric charges on 

the material, as below, 

 

Vopen = −
dσ
ε
t

,         (3.7) 
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in which t is the thickness of the piezoelectric material, and d represents piezoelectric 

coefficient in 33 or 31 mode. However, for most cases, piezoelectric harvesters are built 

by making a piezoelectric cantilever, typically (though not always) one that operates in 31 

mode. A single piezoelectric unimorph with uniform polarization and top and bottom 

electrodes cannot be used to form such a piezoelectric harvester. When a unimorph 

cantilever bends, the resulting stress distributions above and below its neutral plane have 

opposite signs. With uniform polarization and stresses of opposite signs, the voltage from 

the generated electric fields above and below the neutral plane will cancel out.  

Instead, piezoelectric generators can be made by laminating two piezoelectric 

unimorphs (layers with given, constant polarization) to form a piezoelectric bimorph beam. 

Each of the layers operates in 31 mode. Two separate unimorphs are bonded directly to 

each other or with a metal shim in between. Such a bimorph is usually fixed at one end to 

form a cantilever beam. As the cantilever bends down for example, the top layer bears 

tensile force, the bottom layer bears compression, and both generate voltage output. The 

responses of the two layers must be combined in a useful manner to provide a combined 

voltage output.   

A piezoelectric unimorph can have a vertical poling direction with electrodes on the 

top and bottom surfaces resulting in a vertical alignment of the domains, or it can have a 

back-and-forth, in-plane poling direction with interdigitated electrodes. For the case of 

piezoelectric harvesters, a bimorph beam is typically made by stacking two unimorph 

layers with vertical poling directions. This type of bimorph has electrodes on the top and 

bottom surfaces, and in some cases it may also have an electrode at the adhesion plane 

where the two unimorph laminate. Figure 3.3 shows the two types of piezoelectric bimorph. 
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In an x-poled structure, the top and bottom layers have opposite directions of polarization. 

When the cantilever bends, the generated electric fields in the top and bottom layers are in 

the same direction. (The electric fields have the same direction above and below the neutral 

plane because both the signs of both the stress and the polarization switch when crossing 

the neutral plane, leaving the sign of their product unchanged.) Wires are connected at the 

top and bottom electrodes so that the two layers are connected in series. In y-poled mode, 

the top and bottom layers have the same direction of polarization. When the cantilever 

bends, the generated electric fields of the two layers are in the opposite direction. It then 

requires three wires to export the voltage: two wires connecting the top and bottom 

suefaces and one wire connecting the adhesion plane as shown. In theory, for the same size 

bimorph, the x-poled operation produces twice the voltage as the y-poled operation with 

the same amount of displacement.  

 

 

Figure 3.3. Schematic diagram of piezoelectric bimorph in x-poled operation using series 
connection (a) and y-poled operation using parallel connection (b). 

 

A x-poled bimorph cantilever as in figure 3.3(a) can be modeled as a uniform beam 

based on the Euler-Bernoulli beam theory. The stress inside the beam can be expressed as  
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,         (3.8) 

 

in which M(x) is the bending moment at the location x along the beam length, Ic is the 

moment of inertia of the beam’s cross section, and y is the distance from the beam’s neutral 

axis to the location of interest along the beam height. Hence the average surface stress of 

the cantilever beam with a rectangular cross section can be written as 
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where l is the length of the cantilever beam and t is the thickness of the entire bimorph. 

The moment along the beam length can be derived by using the tip force given in [Challa 

2009] as 
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where zt is the total damping coefficient and a is the acceleration of the ambient vibration 

with an amplitude of Y0. The mass of the beam m equals K
*TU

 , in which k is the stiffness of 

the cantilever and wn is the structure frequency of the cantilever. By applying equation 

(3.10) and  𝑘 = 7VW
(X

 to equation (3.9), the average surface stress can be derived as 
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where E is the elastic modulus of the cantilever. Therefore, the open circuit voltage of a 

piezoelectric cantilever beam can be derived by using equation (3.6) with zero external 

electric charge as below, 
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The open circuit voltage in equation (3.12) can be used to estimate the power output 

of a piezoelectric generator connected to a resistive load. The loaded voltage across an 

external resistor is 
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in which the impedance of the generating beam is assumed to be predominantly capacitive, 

C is its capacitance, and w is the angular frequency of the motion that the piezoelectric 

generator is experiencing. The instantaneous power delivered to the load resistor may then 

be calculated as 
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In the RC circuit formed by the piezoelectric generator and the load resistor, most of 

the generated energy is delivered to the load resistor since the resistance of the piezoelectric 

generator’s capacitor is usually much smaller than the load resistance. 
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4. MODELING OF PASSIVELY-SWITCHED ENERGY 

HARVESTER 

 
 
 
4.1. Overview 

As described in Chapter 2, vibrational energy harvesters convert ambient vibrational 

energy into electrical energy in two steps. First, mechanical energy is captured from the 

ambient vibration, driving components of the energy harvester to move. Second, the 

harvester’s motions are converted into electrical energy by a transducer. Many challenges 

of vibrational energy harvesting arise in the context of the first step (capture of mechanical 

energy) rather than the second one (transduction of mechanical energy into an electrical 

output). For example, the use of a resonant system can enhance mechanical energy capture 

and the subsequent power output, but only when the system is operating at its resonance 

frequency. This poses the challenge of engineering resonant harvester systems to broaden 

their typically narrow bandwidths. A second challenge lies in the competing requirements 

that a resonant harvester should match the ambient frequency (which can be low for 

human-sourced vibrations) while also having the largest possible generating frequency (for 

increased power output). Finally, the maximum internal displacement and the frequency 

range over which large displacement occurs should also be maximized in order to increase 

power output. However, resonant harvesters with large displacement usually have low 

resonance frequency (which is good for coupling into human-sourced vibrations but bad 

for power output) and increase the required operating volume, limiting compactness.  
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The energy capturing process can be modified before the transducer converts the 

mechanical energy into electrical energy. A wide range of modification techniques is 

presented in Chapter 2; a few highlights are summarized here. Resonant harvesters’ narrow 

bandwidths can be extended by using nonlinear systems, such as Duffing springs, bistable 

structures or adding motion stops. The resonance frequency can also be tuned to track the 

driving frequency by using external energy input (active tuning), or naturally by the 

inherent physics embedded in the system design (passive tuning). Non-resonant systems 

can successfully avoid the frequency mismatch between the harvester and the ambient 

vibrations by delivering mechanical energy in form of shocks or hits. For resonant 

harvesters, the ambient vibrations’ low driving frequency can be converted into 

transducers’ high resonance frequency by using a low-frequency driving element to couple 

with the ambient vibration sources and interact with the high-frequency generating 

element. Such technique is the so-called frequency up-conversion.  

In frequency up-conversion, multiple types of dynamics can be observed, depending 

on the nature of the interaction between the two elements. This thesis focuses on two types 

of frequency up-conversion (“coupled-motion” and “plucked” frequency up-conversion) 

that are mediated by physical impact between the driving and generating elements, and on 

a type of harvester system that passively switches between the two modes of operation in 

response to changes in the ambient frequency and/or acceleration. 

In coupled-motion frequency up-conversion, a lower-frequency driving element 

impinges on a higher-frequency generating element. (The elements may in general be 

beams, plates, or other structures, but the case of beams is considered in this thesis.) After 

impact, the driving element bounces off of the generating element, leading to repeated 
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cycles of coupled and individual motion of the two elements, similar to a person bouncing 

on a trampoline. In a coupled-motion harvester, power is generated primarily during the 

elements’ coupled motion and exceeds that produced by a comparably-sized, conventional 

single-beam harvester, as was demonstrated experimentally by Gu et al. [Gu 2011]. 

In plucked frequency up-conversion, the lower-frequency beam again impinges on the 

higher-frequency beam. For plucked harvesting, however, the driving beam continues 

deflecting the generating beam until the tip of the driving beam moves past the tip of the 

generating beam and crosses to the opposite side of the generating beam (e.g. from top to 

bottom). In the process, the driving beam imparts a displacement to the generating beam 

and then releases it to ring down at its own resonant frequency. One example of plucked 

harvesting was demonstrated by Pozzi et al. in [Pozzi 2011]. In that case, a generating beam 

was plucked whenever a plectrum moved past its beam tip, and power was primarily 

generated during the ring down of the generating beam.  In an alternate implementation by 

Pillatsch et al. [Pillatsch 2012], generating beams were plucked when they first stuck to 

and were then released from a passing magnet.  

This chapter proposes and models a harvester architecture that passively transitions 

between coupled-motion and plucked harvesting as the ambient acceleration and frequency 

are varied. Figure 4.1 shows a schematic of the proposed harvester. A lower-frequency 

driving beam with a tip mass is placed opposite and above a higher-frequency piezoelectric 

generating beam. (The beam need not in general be piezoelectric; it is only necessary that 

it should convert mechanical motion to electrical power and have a higher natural 

frequency than that of the driving beam.) The beams are separated vertically by a distance 

called the gap spacing, and they overlap horizontally by a distance known as the beam 
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overlap. For large values of beam overlap and/or small deflections, the tip of the driving 

beam cannot pass the tip of the generating beam. In this case, the driving beam bounces off 

the generating beam, and the system operates in coupled-motion mode. For small values 

of the beam overlap and/or large deflections, the tip of the driving beam can pass by the tip 

of the generating beam, and the system operates in plucked mode. Unlike the examples of 

non-resonant plucked harvesting described above [Pillatsch 2012, Pozzi 2011], in this case 

the plucking is driven by a resonant system. The two modes of operation are illustrated 

conceptually in figure 4.2.  

 

Figure 4.1. Schematic diagram showing the flexible driving beam with a proof mass 
positioned above the stiffer piezoelectric generating beam. 

 

The primary goal of this system is to enable passive switching between harvesting 

modes to increase the effective operational range of the resonant, frequency up-converting 

harvester. This passive switching is enabled by the dependence of the harvesting mode on 

the amplitude of the driving beam’s motion. Passive switching among distinct dynamical 

modes is a valuable operational feature that can expand the range of frequencies and 

accelerations over which the harvester can output useful amounts of power. In contrast with 

other approaches described above, the present approach leverages the existence of multiple 

dynamic modes in a two-beam system, along with the system’s passive self-selection 

among these modes, to enable a broad range of useful power output. A secondary benefit 
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of this passively-switched system is the opportunity to directly compare coupled-motion 

harvesting to plucked harvesting under conditions that are otherwise nearly identical. 

 

 

Figure 4.2. Conceptual illustrations of the oscillation sequence in coupled-motion 
operation (left) and plucked operation (right). 
 

4.2. Modeling approach 

Modeling of the passively-switched harvester is built on the work initiated by Ryan 

St. Pierre, who created a preliminary model and reported preliminary simulation results 

across part of the relevant operational range. In this thesis, the original model is updated to 

better capture the physics of the damping coefficient.  The revised model is then employed 

to simulate the system dynamics and power output throughout the entire operational range. 

Models of the passively-switched harvester are implemented using a one-dimensional 

lumped parameter approximation as shown in figure 4.3, and the harvesting dynamics are 

captured using direct integration over time. The positions of the two elements in the lumped 

parameter model are similar to the positions of the two beams in figure 4.1, with the rest 

position of the driving beam’s equivalent mass located above the rest position of the 
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generating beam’s equivalent mass. The lumped parameter approximation can detect when 

the two beams collide, and it has the benefit of enabling rapid computations that speed up 

the integration over time. However, the lumped parameter model only captures the vertical 

(z-directed) motions of the beams (i.e. the primary component of their deflection under 

load).  In practice, the tip of vertically deflecting beam will also move slightly in the 

horizontal direction (i.e. along the beam’s lengthwise axis). Because the lumped parameter 

model does not describe these horizontal motions, it cannot by itself predict whether the 

beams will bounce off each other in coupled motion or deflect far enough to permit plucked 

operation. Beam theory is instead used to model passing of the beam tips. The horizontal 

deflections that correspond to the primary vertical deflections of each beam are calculated 

from the beam shapes. Static deflections of tip-loaded cantilever beams are used as an 

approximation of the dynamic deflections, and the horizontal and vertical beam deflections 

are calculated as in [Beléndez 2002]. Since there is a one-to-one correspondence between 

the horizontal and vertical deflections of a given beam, the beam-passing criteria are 

readily inserted into the lumped parameter model. Note that for the 10 cm long driving 

beam and 31.8 mm long generating beam used here, the horizontal displacements are very 

small, on the order of 10 µm.  
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Figure 4.3. Schematic of lumped parameter model showing the driving and generating 
beams modeled as single point masses with springs and dampers attached. 

 

Whenever tip passing occurs during a cycle, the system is executing plucked 

harvesting. Whenever tip passing does not occur during a cycle, the system is executing 

coupled-motion harvesting. When the dynamics include instances of both plucked and 

coupled-motion harvesting, the system is executing mixed harvesting. The mode of 

operation can vary during the system’s start up transient, so the model is allowed to run 

until it reaches steady state.  

Each beam is modeled as a spring-mass-damper system, with displacements zD and zG 

of the driving and generating beams respectively assumed to be governed by  

 

, , , , , , , ( )D G D G D G D G D G D G D Gm z c z k z F t+ + = ,                (4.1) 

 

where the variable names m, c, and k represent lumped parameter masses, total damping 

coefficients, and spring constants, and the subscripts D and G refer to the driving and 
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generating beams, respectively. The external driving force F(t) due to the ambient 

acceleration is taken to be sinusoidal for the driving beam (that is, ( ) ( )DF t m y t= , where 

y(t) is the displacement of the frame). The simplifying approximation that the driving 

acceleration applies zero external force to the generating beam is used. Although the off-

resonance acceleration can have some small effect on the low-mass generating beam, the 

generating beam’s motion is much more strongly affected by impact with the proof mass. 

The spring-mass-damper approximation is appropriate for the driving beam, which has no 

electrical damping. It is not strictly accurate for a piezoelectric generating beam; 

piezoelectric power extraction increases with increasing displacement rather than with 

increasing velocity because generated voltage is proportional to displacement and 

instantaneous power is proportional to voltage squared.  

The approximation of piezoelectric power extraction as damping is used here despite 

its lack of exact quantitative accuracy for several reasons. First, the most important feature 

of the harvester is the way that its passively-switched dynamics can broaden its operating 

range. The harvester’s resonances and harmonics are expected to be substantially robust to 

whether energy is extracted primarily at the points of largest displacement or primarily at 

the points of largest velocity. The damping approximation permits rapid simulation of the 

harvester’s behavior to predict its dynamics and extract approximate power levels; it also 

offers a useful tool for predictions of how the harvester’s dynamics and power output can 

be expected to change when scaled down to smaller sizes during the initial stages of design. 

Second, the approximation of power extraction as damping is but one of a set of 

approximations that will impact the amount of output power. For example, the mechanical 

interaction between the beams’ tips can be complex, including adhesive contact between 
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the beams in coupled motion, dissipation of energy by friction when the beams pass during 

plucking, and mechanical interaction (e.g. locking) of the beams’ tips because of their finite 

thickness and tip roughness. It is expected that the effects of these mechanical non-

idealities will be more pronounced than the effects of the approximation of power 

extraction as damping. Chapter 5 validates this expectation.  

The equations are solved simultaneously using a numerically-implemented differential 

equation solver (ode45) in MATLAB (code attached in appendix). The motions of the two 

masses are tracked independently, and impact is identified whenever the calculated 

positions of the two masses pass each other. When impact is detected, the approach 

velocities are calculated from the positions before and after impact and the time step. 

Assuming a coefficient of restitution (the ratio of relative velocity after the collision to 

relative velocity before the collision, also known as the COR) of 0.5 and conservation of 

momentum, the departure velocities are then calculated. (The chosen value of COR does 

affect the dynamics, but in practice, the effects on the observed operational mode are 

minimal except for extreme values such as COR=0.) The model then solves the differential 

equations using the impact position and departure velocities as the new initial conditions. 

As described above, the model tracks both the horizontal and vertical positions of the beam 

tips to determine whether the driving beam has passed from above to below the generating 

beam or vice versa. 

Based on the calculation of piezoelectric cantilever’s open circuit voltage as in Chapter 

3, the peak open circuit voltage Vopen may be calculated from the generating beam’s 

displacement as [Wang 1999, Smits 1991] 
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Vopen =
3d31EtG

2 zG
8εclamped LG

2
.      (4.2) 

 

Here E and d31 are the Young’s modulus and the transverse piezoelectric strain coefficient 

of the generating beam, respectively. The thickness and length of the generating beam are 

given by tG and LG, respectively. The clamped dielectric permittivity of the piezoelectric 

beam is given in terms of the dielectric permittivity in the free condition 33
Xe  and the 

transverse piezoelectric coupling coefficient k31 by [Wang 1999, Smits 1991] 

 

( )2
33 311 4X

clamped ke e= - .      (4.3) 

 

For the case in which the harvester directly supplies a voltage to a load resistance RL, 

the voltage across the load resistor is given by 

  

( )
( )

2

21
L

open
L

R C
V V

R C
w

w
=

+ ,      (4.4) 

 

where the impedance of the generating beam is assumed to be predominantly capacitive, C 

is its capacitance, and 𝜔 is the angular frequency of the motion that the generating beam is 

experiencing. The instantaneous power delivered to the load resistor may then be calculated 

as 
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2

L

VP
R

=
.        (4.5) 

 

In practice, this instantaneous ac power would typically be delivered to a battery or a 

capacitor and stored until needed by the load. Rectifying the power dissipates some energy, 

reducing the power available to the load. As the external electronics are not included in the 

present model, a different metric is used to measure how much energy has been extracted 

from the system. The instantaneous power output in steady state is integrated with respect 

to time to calculate the total energy converted from the mechanical domain to the electrical 

domain. Although this approach does not account for losses during rectification, it provides 

a useful metric for harvester performance. 

Model implementation is complicated by the fact that the beams’ oscillatory behavior 

(and therefore their displacements) depend on the generating beam’s electrical damping 

coefficient. The electrical damping coefficient describes power extraction, which in turn 

depends on the characteristic frequency of the motion and on whether the beams are 

oscillating in a coupled-motion or a plucked mode. Models and experiments [Pozzi 2011] 

show that in plucked operation, energy extraction predominantly takes place during the 

free ring down of the generating beam after it is plucked. Therefore, the relevant frequency 

for calculating the electrical damping coefficient of the system during plucked operation is 

the frequency during the generating beam’s ring down (i.e. the angular resonant frequency 

wG of the generating beam). In contrast, experiments [Gu 2011] have shown that when a 

harvester undergoes coupled-motion operation, energy extraction predominantly takes 

place while the driving and generating beams are moving in contact with each other.  



	 47 

Therefore, the relevant frequency for calculating the electrical damping coefficient of the 

system during coupled-motion operation is determined by the time scale of the coupled 

motion of the two beams. The angular frequency that describes the characteristic time scale 

of the coupled motion may be approximated as ( ) ( )coup D G D Gk k m mw = + + , where mD 

and mG are the proof mass at the tip of the driving beam and the effective mass of the 

generating beam, respectively. To calculate the dynamics and power output self 

consistently, the dynamics are calculated once assuming the value for electrical damping 

coefficient that corresponds to power extraction at wG (plucked operation), and again 

assuming the value that corresponds to power extraction at wcoup (coupled-motion 

operation). The case in which the assumed frequency matches the observed frequency self-

consistently is identified as the predicted operating mode. When plucking begins to appear 

as driving acceleration is increased, it is common for some cycles exhibiting coupled-

motion operation to be mixed in with some cycles exhibiting plucked operation.  In this 

mixed operation regime, plucked cycles typically outnumber coupled-motion cycles. The 

self-consistent frequency for this mixed operation is therefore chosen as wG, equal to the 

frequency for plucked operation. 

Within the power-extraction-as-damping approximation described above, values for 

the electrical damping ratio 𝜉Z are approximated as follows.  The maximum amplitude of 

the average surface stress in the generating beam oscillating at the system’s resonance may 

be approximated as [Challa 2009]  

 

0
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=
,       (4.6)  
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where EG is the Young’s modulus of the generating beam, Y0 is the amplitude of the driving 

acceleration, and 𝜉1 is the total damping ratio, including both the electrical and mechanical 

damping contributions. This equation is derived assuming an effective tip force (the static 

force that one would need to apply in order to obtain the same deflection as is observed in 

the dynamic case), enabling the subsequent use of equations for static rather than dynamic 

deflection [Challa 2009]. Assuming that the piezoelectric bilayer is operated in series 

mode, as given in Chapter 3, the open circuit voltage of equation (4.2) may equivalently 

be rewritten in terms of this surface stress as 

 

2
31 31 0

2

3
2 16

G G G
open

G t

d t d E Y tV
L

s
e e x

= =
.     (4.7) 

 

The average power sourced to a load resistor is calculated from the open circuit voltage as  

 

( )
( )( )

22 2
31 0

22

31
2 161

L G G

L G tL

R C d E Y tP
R LR C

w
e xw

æ ö
= ç ÷

+ è ø
,    (4.8) 

 

where w represents the angular frequency of the generating beam’s characteristic motion 

during power extraction and varies depending on whether the system is undergoing plucked 

or coupled-motion operation. The power from (4.7) is equated to the maximum power that 

can be extracted from an oscillating system on resonance [Williams 1996], 
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P m Yx w
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,      (4.9) 

 

where msys represents the effective mass of the oscillating system during power extraction 

(msys = mcoup = mD + mG for the case of coupled-motion operation, or msys = mG for the case 

of plucked operation). By equating the two expressions, the electrical damping ratios for 

coupled-motion and plucked operation are written as  
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and 
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,   (4.11) 

 

respectively. These damping ratios are calculated for the case of resonant operation. This 

is an appropriate approximation for the present situation in which power extraction 

primarily occurs during motion with a timescale corresponding to the resonant frequency 

of the two beams moving together (in the case of coupled motion) or of the generating 

beam ringing down independently (in the case of plucked operation). The electrical 

damping constants are then obtained as 

 

, ,2e coupled coup coup e coupledc m w x=      (4.12a) 
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, ,plucked2e plucked G G ec m w x=       (4.12b) 

 

and are input (along with the mechanical damping constants) into the dynamics 

calculations, which are allowed to run until the system reaches steady state. For each case, 

loaded voltage, instantaneous power, converted energy delivered to a resistive load, and 

time-averaged output power are also calculated.  The beams’ parameters are given in table 

4.1. 
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Table 4.1.  Geometric, material, and operational properties of the simulated driving and 
generating beams. 
 

 Driving beam Generating beam 

Material ABS plastic with proof 

mass 

PZT-5A 

Length (mm) 100 31.8 

Width (mm) 10 6.4 

Thickness (mm) 1.588 0.51 

Effective mass (g) 10 0.194 

Young’s modulus (GPa) 2.24 66 

Mechanical damping 

coefficient cm (N-s/m) (as in 

[Williams 1996]) 

0.03 0.005 

Stiffness (N/m) 22.4 416 

eclamped (F/m) Not applicable 1.59 x 10-8 

d31 (pC/N) Not applicable -190 

Capacitance C (nF) Not applicable 7.4 

 

The results were calculated for each set of operating conditions considered. The 

acceleration, driving frequency, and amount of overlap between the two beams were varied 

independently. Plucked and coupled-motion harvesting were each observed in different 

regions of the simulated operating space. To ensure direct comparability of the results, the 

performance of the harvester over the operating space was calculated twice, once with a 

load resistance that was well-matched to the characteristic capacitively-dominated 
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impedance of plucked harvesting ( , 1L G GR Cw= ) and one with a load resistance that was 

well-matched to the characteristic capacitively-dominated impedance of coupled-motion 

harvesting ( , 1L coup coupR Cw= ). During simulation, the generating beam’s deflection was 

compared with a maximum allowable deflection of 0.7 mm, corresponding to a maximum 

stress of 60 MPa under quasi-static tip-loading. If the deflection exceeded this value, the 

generating beam was predicted to break and the simulation was ended.  The deflection 

criterion is used instead of an impact criterion to better mimic the behavior of a system in 

which impact is modulated by a flexible tip, as in the experiments of Chapter 5. 

 

4.3. Simulation results 

Figure 4.4 shows typical simulation results for vertical position, voltage, instantaneous 

power and converted energy (calculated as the time integral of the instantaneous power) 

for a harvester with a driving frequency of 8.5 Hz and a 0.4 g driving acceleration after the 

start up transient, when the motion of the beams is well established. The lateral beam 

overlap was set at 0.03% of the generating beam’s length in figure 4.4, resulting in coupled-

motion operation, and at 0.01% in figures 4.5 and 4.6 resulting in plucked operation. To 

ensure direct comparability of the results, figures 4.4 and 4.5 both employ the same value 

for load resistance, one that is well matched to the source impedance at the characteristic 

frequency of coupled-motion harvesting. Figure 4.6 employs a load resistance that is well 

matched to the source impedance at the characteristic frequency of plucked harvesting. 

Simulated results of the harvester with a 0.03% lateral beam overlap resulting in coupled-

motion operation and a load resistance matched to plucked harvesting are shown in figure 

4.7. In Figure 4.4, the vertical position plot shows the tip heights of the driving and 
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generating beams vs. time in the coupled-motion harvesting regime. The neutral position 

of the driving beam is at 0 mm, and the -0.5 mm neutral position of the generating beam 

reflects the 0.5 mm initial spacing between the beams. Before impact between the beams, 

the driving beam moves independently under the influence of the 8.5 Hz ambient 

accelerations. Although 8.5 Hz is higher than the driving beam’s predicted independent 

resonant frequency of 7.5 Hz, it is well below the 12.3 Hz predicted characteristic 

frequency of the two-beam, coupled-motion system, which is calculated as in [Gu 2011]. 

This mismatch between characteristic and driving frequency is visible in the uneven shape 

of the driving beam’s independent motion and limits its deflection. After impact, the 

driving beam and generating beam move together in coupled motion for part of one cycle 

with a timescale described by a frequency of 33 Hz, equal to the predicted value of wcoup. 

After the beams separate, the generating beam oscillates freely with small amplitude, 

damps out, and is nearly stationary until the next impact. The driving beam resumes motion 

under the influence of the ambient acceleration.  

In figures 4.5 and 4.6, the vertical positions of the beams are plotted relative to their 

neutral positions as previously described. In both cases, before impact the driving beam 

moves at about the frequency of the ambient accelerations, 8.5 Hz. As this frequency is 

close to the resonant frequency of the plucked system, no apparent deviations from the 

drive frequency are observed during the driving beam’s independent motion. After impact, 

the beams move together until their tips are no longer in contact and the driving beam 

moves from above the generating beam to below it, or vice versa. Once the beams are no 

longer in contact, the driving beam resumes moving at about the same frequency as the 

ambient accelerations. The generating beam undergoes damped oscillation at its own 
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resonance frequency of about 233 Hz until the driving beam returns to impact, deflect, and 

pluck the generating beam again. Whereas the driving beam remains above the generating 

beam in coupled-motion, the driving beam switches from one side of the generating beam 

to the other as the beam tips pass each other in plucked mode.  

The loaded output voltage vs. time plots of Figure 4.4 are calculated from the 

displacement of the generating beam vs. time for coupled-motion (figure 4.4) and plucked 

harvesting (figures 4.5 and 4.6). In figure 4.4’s coupled-motion harvesting, the generating 

beam is not significantly displaced before the beams’ impact, so the voltage is zero. After 

impact, the peak voltage is reached as the driving beam deflects the generating beam. Once 

the beams separate, a small oscillating voltage (typically on the order of 10% of the peak 

voltage) reflects the ring-down of the generating beam at its resonant frequency. As the 

oscillation damps out, the voltage is again near zero until the cycle begins again. In the 

plucked harvesting of figures 4.5 and 4.6, the generating beam is displaced and plucked 

each time the driving beam passes. After plucking, the voltage shows a damped free 

oscillation at the resonant frequency of the generating beam; the oscillation begins anew 

each time the generating beam is plucked. Note that in the plucked harvester, the voltage 

forms a pattern of alternating larger and smaller plucks. This alternating amplitude reflects 

the fact that the generating beam is deflected more with the upward swing of the driving 

beam than with the downward swing of the driving beam, due to the vertical spacing 

between beams.  

The instantaneous power vs. time plot of figure 4.4 shows that in coupled-motion 

operation, the peak instantaneous power is output during the coupled motion phase of the 

harvesting cycle, when the voltage amplitude is maximum. The converted energy 
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(integrated power) plot for coupled-motion operation in figure 4.4 shows that the majority 

of the energy is also extracted during the coupled-motion phase, as is apparent from its 

step-wise increase in extracted energy. This is true independent of whether the load 

resistance is chosen to match the source impedance during the lower-frequency coupled 

motion phase or during the higher frequency ring down of plucked operation. For the 

plucked harvesting plots of figures 4.5 and 4.6, the instantaneous power is also greatest 

from the initial deflection of the generating beam, which then rings down until it is plucked 

again. However, unlike the coupled-motion system, the majority of the energy in plucked 

harvesting is extracted more gradually during the subsequent free oscillation, as shown in 

the more gradually increasing energy plots of figures 4.5 and 4.6. The greater power 

extraction during ring-down reflects the larger amplitude of the free oscillation during ring-

down for plucked as compared with coupled-motion harvesting. However, the rate of 

energy extraction is still greatest when the instantaneous power is highest, at the initial 

deflection of the generating beam.  
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Figure 4.4. Plots of predicted harvester operation vs. time in coupled-motion mode after 
the start up transient is complete, showing a) driving beam vertical position (dotted) and 
generating beam vertical position (solid), b) generated voltage, c) instantaneous power 
extracted by a resistive load matched to coupled-motion harvesting, and d) total extracted 
energy (time integral of the instantaneous power). 
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Figure 4.5.  Plots of predicted harvester operation vs. time in plucked mode after the start 
up transient is complete, showing a) driving beam vertical position (dotted) and generating 
beam vertical position (solid), b) generated voltage, c) instantaneous power extracted by a 
resistive load matched to coupled-motion harvesting, and d) total extracted energy (time 
integral of the instantaneous power). 
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Figure 4.6.  Plots of predicted harvester operation vs. time in plucked mode after the start 
up transient is complete, showing a) driving beam vertical position (dotted) and generating 
beam vertical position (solid), b) generated voltage, c) instantaneous power extracted by a 
resistive load matched to plucked harvesting, and d) total extracted energy (time integral 
of the instantaneous power). 
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Figure 4.7.  Plots of predicted harvester operation vs. time in coupled-motion mode after 
the start up transient is complete, showing a) driving beam vertical position (dotted) and 
generating beam vertical position (solid), b) generated voltage, c) instantaneous power 
extracted by a resistive load matched to plucked harvesting, and d) total extracted energy 
(time integral of the instantaneous power). 
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V in figure 4.4). The greater peak-to-peak voltage in plucked harvesting in part reflects the 

fact that the maximum positive and negative deflections under plucking are comparable, 

whereas the beam deflects primarily downward during coupled motion. It also reflects the 

fact that at 8.5 Hz, the plucked harvester is closer to resonance, resulting in higher 

displacements, voltage, and output power. A broader comparison of power and normalized 

power is made later in this chapter to account for the effects of differing resonant 

frequencies. 

Comparing figure 4.4 through 4.6, plucked harvesting produces a higher maximum 

instantaneous power, around 7 mW and 20 mW in figures 4.5 and 4.6 respectively, as 

compared with less than 2 mW for coupled motion in figure 4.4. Plucked harvesting also 

produces a higher average power, extracting more energy over the same time period. In 

figure 4.4, plucked harvesting systems with load resistance values matched to coupled-

motion harvesting and plucked harvesting respectively produce average powers of 0.74 

mW and 1.5 mW. In comparison, coupled-motion harvesting with a matched load 

resistance produces an average power of 0.1 mW. Coupled-motion harvesting with a load 

resistance matched to the dynamics of plucked harvesting is predicted to produce an even 

lower average power of 32.7 µW under these conditions. Whereas the plucked harvester’s 

peak instantaneous power is about triple that of the coupled-motion harvester, even with 

the same load resistance, the plucked harvester’s average power is greater by a factor of 

about seven. The discrepancy between the peak and average powers ratios reflects the 

different dynamics of the two systems. Namely, the generating beam oscillates at a higher 

amplitude for a longer time in plucked harvesting than in coupled-motion harvesting, 

independent of whether the load resistance is well-matched to coupled-motion or plucked 



	 61 

harvesting. The longer duration and larger number of oscillations in plucked harvesting 

produce a higher average power.  

Figure 4.8 shows how a harvester with given, fixed geometry responds as its driving 

frequency varies from 3 Hz to 27 Hz and as the ambient acceleration varies from 0.1 g to 

2.6 g. Specifically, figure 4.8 maps harvesting regime vs. driving frequency and amplitude 

of acceleration for a gap spacing of 0.5 mm and a beam overlap of 0.02%; the load 

resistance used to calculate these results is chosen to match the dynamics of coupled-

motion harvesting. Although a fixed load resistance does not offer optimal impedance 

matching at all points, maintaining a fixed load provides a more realistic representation of 

practical hardware that passively switches between different modes of operation. Note that 

the map of harvesting mode includes regions characterized by coupled motion operation, 

plucked operation, mixed operation, no-impact operation (when the driving beam’s 

motions are so small that it fails to impact the generating beam), and generating beam 

breakage (when the generating beam exceeds the threshold displacement). Zero-power, no-

impact operation is primarily observed at low accelerations and higher frequencies for 

which the driving beam is being excited well above its resonant frequency of 7.5 Hz.  

Breakage of the generating beam initiates at 7 and 8 Hz, close to the resonant frequency of 

the driving beam, and occurs increasingly as driving acceleration is increased. In practice, 

breakage due to overdeflection of the piezoelectric beam may be prevented at the cost of 

some of the peak power by the inclusion of motion stops to limit the driving beam’s 

amplitude of motion. 
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Figure 4.8. Simulated map of harvesting regime vs. driving frequency and acceleration for 
a 0.02% beam overlap. Blue, green, and orange represent coupled-motion, plucked, and 
mixed harvesting, respectively. White represents breakage of the generating beam, and 
gray represents the no-impact case. 
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Figure 4.9. Plot of predicted output power vs. driving frequency and acceleration for a 
0.02% beam overlap. 

 

Acceleration	(g)

Fr
eq

ue
nc
y	(
Hz
)



	 64 

 

Figure 4.10. Plot of predicted output power normalized by frequency and acceleration 
squared vs. driving frequency and acceleration for a 0.02% beam overlap. 
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power is also observed at about 25 Hz, near the first harmonic of the coupled-motion 

system resonance. As acceleration amplitudes increase, these peaks broaden, leading to a 

predicted power peak near the approximately 21 Hz intersection of the two regions. The 

zero and low power regions observed in and adjacent to the no-impact region represent a 

genuine feature of the system dynamics, whereas the zero power reported in the breakage 

region may be remedied by the addition of mechanical stops to limit the motion of the 

driving beam.  

Power output is predicted over approximately 75% of the studied range; the inclusion 

of motion limiting stops to prevent breakage of the generating beam is expected to increase 

this fraction still further. The average simulated power over the full range is 0.55 mW, and 

the average simulated power outside the breakage region is 0.65 mW. The predicted peak 

power exceeds 2.6 mW. The median predicted power over the whole range is 140 µW, and 

the 75th percentile lies at 0.94 mW. Because the breakage region is considered to produce 

zero power despite the potential to convert these regions to useful power output through 

the use of motion-limiters, the 25th percentile lies in the zero power range.  

Figure 4.10 plots predicted output power normalized by frequency and acceleration 

squared. As the amplitude of acceleration increases, the power output per acceleration 

squared decreases.  This trend reflects the fact that the generating beam’s peak deflection 

is determined by a combination of the deflection at which the beam tips can pass and the 

amount of momentum transferred to the generating beam upon impact. Since the beam tips 

pass at the same displacement independent of acceleration, increased acceleration offers 

diminishing returns for plucked harvesting. Figure 4.10 also shows that as the driving 

frequency increases, the energy output per cycle decreases; this reduction reflects the 
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driving beam’s decreased vibrational amplitude well above its resonant frequency. Its 

decreased amplitude is partially compensated by the fact that there are more vibrational 

cycles per unit time at higher frequencies. Together with the harmonic near 25 Hz, this 

prevents a sharp decline in the total power output at higher driving frequencies. The 

predicted broad range of useful operation is a key advantage of the switched-dynamics 

harvester. The simulations of figure 4.10 also offer a quantitative answer to the question of 

how much the harvester’s output power increases when it switches from coupled-motion 

to mixed or plucked harvesting. Depending on the location in the operating map, the power 

normalized by frequency and acceleration squared can increase by as little as a factor of 

two or by greater than a factor of ten when transitioning from coupled-motion to mixed or 

plucked harvesting. Figure 4.10 also offers a comparison of normalized power on 

resonance for coupled-motion and plucked harvesting. For example, the power normalized 

to frequency and acceleration amplitude squared is in the range of about 0.8 to 0.9 

mW/(Hz-g2) at the inception of plucked resonant harvesting at 0.5 g and 7-8 Hz, as 

compared with about 0.1 – 0.6 mW/(Hz-g2) at the coupled-motion resonance of 0.1-0.2 g 

and 11-12 Hz. 

In the simulations of figure 4.5, the load resistance is chosen to match the characteristic 

frequency of coupled motion rather than the characteristic frequency of plucking. One 

reason for this choice is the fact that the loss of performance from operating in plucked 

mode with a load resistance matched to coupled-motion operation is typically less 

pronounced than the loss of performance from operating in coupled-motion mode with a 

load resistance matched to plucked operation. The greater relative reduction in output 

power when the system is matched with too little load resistance (i.e. coupled-motion 
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harvesting with a load resistor matched to plucked operation) is consistent with the well-

known dependence of output power on load resistance. The second reason why coupled-

motion resistance is chosen is to ensure more uniform power generation across the 

harvester’s operating range. One could alternatively match load resistance to the 

characteristic frequencies of plucked harvesting in order to obtain the highest peak powers. 

However, matching load resistance to the characteristic frequencies of coupled-motion 

harvesting minimizes power variation over the operating range and tends to increase output 

power in the low frequency, low acceleration range that is key to harvesting power from 

human motions. 

 

4.4. Conclusion 

This chapter presents modeling of a switched-dynamics harvester that passively 

switches between coupled-motion harvesting and plucked harvesting. Coupled-motion 

harvesting is observed at lower accelerations, whereas plucked harvesting is observed at 

higher accelerations. By creating a system that can passively switch between the two modes 

of operation, the useful operating range of the harvester is predicted to be greatly increased 

as compared with harvesters that only operate in one mode with a single resonant 

frequency.  Experimental validation will be presented in the following chapter. 
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5. PASSIVELY-SWITCHED ENERGY HARVESTER: FACING 

CONFIGURATION 

 
 
 
5.1. Overview 

This chapter presents experimental validation of the first generation passively-

switched energy harvester. This harvester is based on the design that was presented and 

modeled in Chapter 4, and its driving and generating beams are oriented in a facing 

configuration as described in Chapter 4. The harvester is experimentally implemented, and 

its performance is measured experimentally. Its voltage and dynamics are recorded, and 

the measured voltage outputs are used to calculate converted power. The experimentally-

observed dynamics and output power are compared with the simulation results of Chapter 

4, and its switched-dynamics performance and the broadening of its operational frequency 

range are described. 

 

5.2. Experimental setup 

The basic passively-switched energy harvester (figure 5.1a) comprises an ABS driving 

beam with a 10.4 g proof mass mounted opposite an x-poled bimorph PZT generating beam 

(Piezo Systems, Inc.) connected in series configuration (with voltage output from the upper 

and lower surfaces, but not from the center plane). Test results from two harvester devices 

are reported in this chapter. The beam dimensions and parameters for the two devices are 

listed in Table 5.1 and closely mimic those used in the simulations. Each beam is epoxied 
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between rigid brackets to create a fixed support, and the relative positions of the beams are 

controlled by a three-axis micropositioner.  

 

Table 5.1.  Geometric and operational properties of the driving and generating beams for 
the two harvesters described in this chapter.  When the harvesters share a dimension or 
other parameter, only one value is given in the table. 
 

 Driving beam Generating beam 

Material ABS plastic with proof 

mass 

PZT-5A 

Length (mm) 100 26.3 and 27.5 

Width (mm) 10 6.4 

Thickness (mm) 1.65 0.51 

Effective mass (g) 10.4 0.126 and 0.137 

Stiffness (N/m) 18 735 and 643 

Capacitance C (nF) Not applicable 7.4 

 

 

In practice, it is difficult to control the overlap between the beams on the order of 0.01% 

of the length of the generating beam as in the model, and the consequences of changes in 

beam overlap are potentially severe. Deformation or movements of the hardware that 

decrease the beam overlap have the potential to reduce the harvester’s output to zero, 

whereas movements that increase the beam overlap would increase the risk of breaking the 

generating beam. One way to make the system more robust against changes in overlap is 

to include a reduced-stiffness tip at the end of the driving beam. With a lower stiffness at 
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the tip of the driving beam, the system’s sensitivity to varying overlap is reduced, allowing 

a larger value of overlap to be used and minimizing sensitivity to length variations. 

The two harvesters described in table 5.1 study two variations on the harvester’s basic 

design, each of which incorporates a different tip on the driving beam.  In one variation, 

the driving beam’s tip is sharpened to minimize thickness and facilitate beam tip passing. 

In the other, a low-stiffness tip comprising two layers of VWR laboratory labeling tape are 

folded to form a 3 mm long, 0.5 mm thick extension that is epoxied to the end of the ABS 

beam to enable a lower-impact contact between the two beams and to provide robustness 

against changes in the horizontal overlap between the beams. The estimated stiffness values 

of the two tip extensions are 200 N/m and 60 N/m, respectively, as compared with the 

driving beam’s basic stiffness of about 18 N/m. The flexible tip has a large displacement 

during beam interaction, which reduces the chance of the driving beam binding with the 

thick tip of the generating beam. Two PZT beams are used with the two driving beams, 

and variations in the mounting process result in two slightly different working lengths for 

the two beams. The generating beams used for tests with and without the flexible tip are 

about 26.3 mm and 27.5 mm, respectively, causing small shifts in the resonant frequencies 

and dynamics as described in Table 5.1. A small vertical gap estimated at 0.5 mm is 

maintained between the beams’ tips. The beam overlap is set with the micropositioner to 

ensure that plucking initiates at the driving beam’s resonance of 7 Hz under an acceleration 

of 0.5 g. 

The harvester is mounted on the shaker of a vibration testing system (LW139.151-30, 

Labworks Inc.) and tested under sinusoidal drive signals. Acceleration is controlled by the 

system’s integrated accelerometer, and acceleration vs. time are measured by a second 
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accelerometer (ADXL203CE, Analog Devices) attached to the harvester’s base. The 

measurement accelerometer typically records accelerations that are about 10% higher than 

the nominal values as measured from a sinusoidal fit at the drive frequency, with a scatter 

of about 0.05 g in the values obtained by fitting. The synchronized generating beam and 

accelerometer outputs are captured via a Labview interface.  

The performance of both harvesters (with and without the flexible tip) in both coupled 

motion and plucked mode are measured at a driving frequency of 8 Hz and a nominal 

driving acceleration of 0.4 g. The lateral overlap is varied to tune the dynamics between 

the two modes (so that plucking initiates at the driving beam’s resonance of 7 Hz under an 

acceleration of 0.5 g, as described above). The measurements are repeated for harvesters 

with loads that are well-matched to the coupled-motion dynamics as well as with loads that 

are well-matched to the plucked dynamics. 

 

 

Figure 5.1. a) Photograph of the switched dynamics harvester; b) and c) close-up 
photographs of the harvester with a flexible tip (b) and with a more rigid, sharpened tip (c). 
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The harvester’s dynamical modes are characterized for acceleration values from 0.1 g 

to 2.6 g and for frequencies from 4 Hz to 27 Hz, both with and without a flexible tip to 

modulate the inter-beam contact. Lower frequencies lie beyond the capacity of the shaker 

are not included. The dynamics are characterized as coupled-motion mode when the 

driving beam remains above or below the generating beam after a stable state is achieved. 

The dynamics are characterized as plucked mode when the driving beam executes a steady 

state pattern of plucks in both directions. Mixed mode operation is recorded when coupled-

motion and plucking both appear in the motion. In practice, large motions must be limited 

by motion stops. Since this system for studying switched dynamics harvesting does not 

include motion stops, a mode called “potential breakage” is recorded for driving beam 

motions with peak amplitudes greater than approximately 40 mm that put the piezoelectric 

operation or structural integrity of the generating beam at risk. No-impact mode is recorded 

when the driving beam’s motion is small enough that there is no contact between the two 

beams.  

Power output is measured at an acceleration of 0.5 g for harvesters with sharpened tips 

and for harvesters with flexible tips. For each acceleration, the frequency is swept from 4 

Hz to 27 Hz and back, again omitting combinations of acceleration and frequency for which 

the driving beam’s peak amplitude is expected to exceed 40 mm. Power measurements are 

made at all points with a load resistance that is matched to resonant coupled-motion. At a 

subset of the operating points, the power is also recorded with a load resistance that is 

matched to plucked mode operation. Adhesion and friction between beams can result in 

reluctance to switch from coupled-motion to plucked dynamics (or vice versa) near the 
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boundaries between operating regions. These data represent the steady state results after 

the dynamics have switched modes.   

 

5.3. Experimental results 

Figure 5.2 through figure 5.5 plot the measured acceleration, output voltage, 

instantaneous power output, and converted energy (integrated instantaneous power) for 

harvesters under a drive frequency of 8 Hz and a nominal acceleration amplitude of 0.4 g. 

The output voltage across the load resistance is directly measured, and the instantaneous 

power delivered to the load resistance is calculated by using the equation 𝑃 = \]
U

^]
. The 

converted energy is then calculated by integrating the instantaneous power over the entire 

measured time period.  Finally, average power may be calculated by dividing the converted 

energy by the time period of the integration.  

In figures 5.2 and 5.3, the lateral overlap is increased to produce coupled motion; in 

figures 5.4 and 5.5, the lateral overlap is decreased to produce plucked motion. Figures 5.2 

and 5.4 describe the performance of a basic harvester with a sharpened tip; Figures 5.3 and 

5.5 describe the performance of a harvester with the added flexible tip to modulate the 

contact between the two beams. These data are obtained using a load resistance that is well 

matched to the dynamics of coupled operation. This resistance is determined 

experimentally by measuring average power at the coupled motion resonance as a function 

of load resistance. The load resistance at which the maximum average power output is 

observed is taken as the matched load resistance for   coupled-motion operation. 

Comparable data obtained using loads that are well-matched to plucked operation are 

included in figure 5.6 through figure 5.9.   
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Figure 5.2. Generated voltage, instantaneous power, and converted energy with load 
resistance matched to coupled-motion harvesting when the harvester is driven at 8 Hz and 
0.5 g and for coupled-motion operation with a sharpened tip. 
 
 
 



	 75 

 

Figure 5.3.  Generated voltage, instantaneous power, and converted energy with load 
resistance matched to coupled-motion harvesting when the harvester is driven at 8 Hz and 
0.5 g and for coupled-motion operation with a flexible tip. 
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Figure 5.4.  Generated voltage, instantaneous power, and converted energy with load 
resistance matched to coupled-motion harvesting when the harvester is driven at 8 Hz and 
0.5 g and for plucked operation with a sharpened tip. 
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Figure 5.5.  Generated voltage, instantaneous power, and converted energy with load 
resistance matched to coupled-motion harvesting when the harvester is driven at 8 Hz and 
0.5 g and for plucked operation with a flexible tip. 

 

The voltages under coupled motion operation exhibit three phases, as expected from 

the simulations and the experiments of [Gu 2011]:  zero voltage prior to impact, voltage 

variation at a frequency of ωcoup while the beams are in contact, and the free ring down of 

the generating beam after the beams separate.  Unlike the model predictions and similar to 

the behavior observed in [Gu 2011], the motion at ωcoup continues for approximately three 

quarters of a cycle. The final quarter cycle of coupled motion is attributed to adhesive 

contact between the driving and generating beams, which draws the generating beam 

upward as the driving beam moves away. Adhesive contact is not captured in the 

simulations, but it is advantageous in practice because it expands the time period over 

which coupled motion harvesting outputs power. For both the basic tip and the flexible tip, 

coupled motion harvesting therefore produces a double peak in the instantaneous power 
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and a pattern of double steps in the converted energy (the integrated power output). The 

majority of the power during coupled-motion operation is converted during the coupled 

motion itself, consistent with predictions and with [Gu 2011]. The flexible tip results in 

lower voltages, lower instantaneous power, and lower converted energy than are observed 

for the more rigid tip, with an average power of 0.053 mW for the flexible-tip harvester as 

compared with 0.084 mW for the harvester with the more rigid tip under these operating 

conditions. This is as expected, since the flexible tip insulates the generating beam from 

some of the deformation. The average power produced in coupled motion is greatly 

reduced by providing a load resistor that is instead matched to plucked mode (0.014 mW 

and 0.026 mW for the harvesters with flexible and more rigid tips, respectively, see Figures 

5.6 and 5.7). 

Figure 5.4 and figure 5.5 show the instant voltage, power and converted energy under 

plucked operation when connected to a (non-optimal) load resistor that is matched to 

coupled-motion operation. As expected, the amplitude of the voltage under plucked 

operation first increases upon impact and then decreases as the generating beam’s 

independent motion rings down. The sign of the first voltage peak alternates as the 

generating beam is plucked first from above and then from below. The ring down creates 

a series of declining peaks in the instantaneous power and a set of more rounded steps in 

the converted energy (one for each pluck). As for the case of coupled motion, the flexible 

tip results in lower voltages, instantaneous power, and converted energy than is observed 

for the more rigid tip under these operating conditions. The average power with the flexible 

tip is 0.26 mW as compared with 0.44 mW for the harvester with the more rigid tip. The 

reduction in power for the flexible tip as compared with the more rigid tip under otherwise 
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similar conditions again reflects the role of the flexible tip in absorbing some of the 

deformation, thereby sparing the generating beam from more extreme deflection. The 

average power is larger in plucked mode than in coupled-motion mode, even though the 

choice of a coupled-motion resistance is mismatched to the harvester’s impedance at 

typical plucked frequencies. The average power produced in plucked mode is further 

increased by providing a load resistor that is instead matched to plucked mode (0.39 mW 

and 0.52 mW for the harvesters with flexible and more rigid tips, respectively, see Figures 

5.8 and 5.8). 

 

 

Figure 5.6.  Generated voltage, instantaneous power, and converted energy with load 
resistance matched to plucked harvesting when the harvester is driven at 8 Hz and 0.5 g 
and for coupled-motion operation with a sharpened tip. 
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Figure 5.7.  Generated voltage, instantaneous power, and converted energy with load 
resistance matched to plucked harvesting when the harvester is driven at 8 Hz and 0.5 g 
and for coupled-motion operation with a flexible tip. 
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Figure 5.8.  Generated voltage, instantaneous power, and converted energy with load 
resistance matched to plucked harvesting when the harvester is driven at 8 Hz and 0.5 g 
and for plucked operation with a sharpened tip. 
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Figure 5.9.  Generated voltage, instantaneous power, and converted energy with load 
resistance matched to plucked harvesting when the harvester is driven at 8 Hz and 0.5 g 
and for plucked operation with a flexible tip. 

 

Figure 5.10 shows the observed dynamical mode vs. frequency and acceleration for 

harvesters in which the lateral overlap is set so that plucking initiates near 0.5 g when the 

drive frequency is set near the driving beam’s resonance at 7 Hz. In Figure 5.10(a), the 

driving beam has the more rigid, sharpened tip; in Figure 5.10(b), the driving beam has the 

flexible tip. For both harvesters, regions of coupled motion, plucked motion, mixed 

operation, no impact, and deflection that is potentially sufficient to induce breakage are 

observed in a pattern that is generally similar to the predictions of Figure 5.10(a).  The 

coupled motion of lower accelerations gives way to mixed or plucked dynamics as 

acceleration increases, particularly at the predicted frequencies of driving beam resonance, 
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coupled motion resonance, and the first harmonic of the coupled motion resonance.  For 

both harvesters, the region of anticipated breakage in the absence of mechanical stops is 

avoided in the interests of mapping the dynamics of the entire space with a single device. 

Measurements near the plucked resonance peak are made by approaching the peak from 

both higher and lower frequencies to safely identify the region at risk of breakage. In 

practice, mechanical stops will be required to prevent overdeflection in this regime, but 

they are omitted here to allow observation of the dynamics independent of the effects of 

mechanical stops. 

Comparing the dynamics of the harvester with the more rigid tip with the predicted 

dynamics of Chapter 4, it is clear that the motions are often smaller than predicted. At some 

frequencies, as the acceleration increases, the coupled-motion harvesting turns to mixed 

harvesting; in some cases, this transition occurs at higher accelerations than were predicted. 

The range of plucked motion is observed to be much smaller than predicted. The smaller 

motions indicate increased energy loss as compared with predictions.  

When the harvester operates in the mixed regime or transitions to plucked operation, 

it is sometimes observed that the driving beam and the generating beam can stick together 

for a certain number of cycles for harvesters both with and without the flexible tip. Adding 

a flexible tip reduces the chance of the beams sticking together, but it cannot avoid this 

phenomenon entirely the due to beam tips’ finite thicknesses and the friction of the beams’ 

interaction, which can cause energy loss. The dynamics are recorded and the output voltage 

is collected when the system operates stably without the beams sticking together.  

The dynamics of the harvester with the more flexible tip also include cases in which 

the motions are smaller than predicted. In addition, at high frequencies, the flexible 
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harvester remains in coupled-motion mode under circumstances that would drive the 

harvester with a more rigid tip into mixed mode. This is not surprising; the flexible tip 

absorbs some of the deflection and minimizes bending of the generating beam. On the other 

hand, the flexible tip also expands the operating range over which larger motions (e.g. 

plucked operation) can take place by limiting opportunity for the beam tips to become 

wedged together. Most of the data reported below are for the case of the flexible tip. Despite 

its low stiffness, it offers a better approximation of the simulated frictionless beam passing 

performance. 
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Figure 5.10. Measured map of harvesting regime vs. driving frequency and acceleration 
for systems with a) a more rigid, sharpened tip and b) a flexible tip. Blue, green, and orange 
represent coupled-motion, plucked, and mixed harvesting, respectively. White represents 
breakage of the generating beam, and gray represents the no-impact case.  
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Figure 5.11 compares the power outputs measured for harvesters with rigid and 

flexible tips with the predicted power outputs. The data represent measurements taken over 

a range of operating frequencies at a nominal driving acceleration of 0.5 g (corresponding 

to a measured acceleration of 0.55 g) for a load resistance that is well-matched to ωcoup for 

each harvester. Results are shown for both upward and downward frequency sweeps.  

 

Figure 5.11. Plot of average power vs. driving frequency at a driving acceleration of 0.5g.  
Red, green, and blue represent predicted power, power with a more rigid (sharpened) tip, 
and power with a flexible tip, respectively.    

 

The upward and downward sweeps show repeatability and insensitivity to sweep 

direction; small variations are attributed to the variation in measured accelerations when 

the system is controlled to achieve nominally identical acceleration levels. Both the 
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harvesters with and without the flexible tip have a measured primary power peak around 7 

Hz. This peak reflects the resonance frequency of plucking mode, which is similar to that 

of the driving beam. This observed resonance is close to the predicted peak frequency of 

about 8 Hz for the driving and plucked resonances, to within the 1 Hz measurement 

resolution. The small difference in frequency reflects small deviations between the 

simulated and implemented harvester geometries.  Both of the harvesters (with and without 

the flexible tip) have a second power peak at around 10 Hz when operating in mixed mode. 

This second resonance is down-shifted from the about 12 Hz frequency that would be 

predicted from [Gu 2011] for the coupled resonance given the driving beam’s measured 

resonance ωD and ωcoup. In other words, the coupled motion cycle takes place more slowly 

than is predicted. The slowing of the coupled motion cycle relative to predicted frequencies 

reflects the effects of adhesion between the two beams, as shown in Figure 5.2.  After the 

beams reach their maximum deflection in the initial “bounce” of coupled-motion, the 

simulation in chapter 4 predicts that the beams will move together for more than half of a 

cycle approximately until the beams return to the zero deflection position again and will 

then separate. In contrast, in experiments the driving beam remains stuck to the generating 

beam a little longer after half of a cycle, following it past the zero deflection position. The 

extra time lengthens the cycle’s period, shifting the resonance frequency. Both harvesters 

also have a smaller third power peak around 21 Hz, which reflects the first harmonic of the 

observed second resonance of 10 Hz. Although the observed third resonance is also lower 

than its predicted frequency, it is consistent with the approximately 10 Hz resonance of the 

coupled motion.  
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For the primary power peak near the plucked motion resonance of 7 Hz, the harvester 

with a more rigid tip has a measured peak power of 1.56 mW; the harvester with a flexible 

tip has a measured peak power of 1.48 mW. Both experimental results are similar to the 

predicted output power of 1.80 mW.  The reduction in power is not unexpected as the 

deformation of the flexible tip reduces the displacement of the generating beam. For the 

second power peak at around 10 Hz (the coupled motion system resonance), the harvester 

with a more rigid tip has a measured peak power of 0.15 mW; the harvester with a flexible 

tip has a measured peak power of 0.35 mW. Both experimental results are lower than the 

predicted peak power of 1.03 mW, reflecting the energy loss during beams interactions that 

occur in practice. For the third power peak at the first harmonic of the coupled-motion 

resonance, the measured peak powers of the harvester with a more rigid tip and the 

harvester with a flexible tip are 0.04 mW and 0.05 mW respectively. Both values are also 

less than the predicted power of 0.09 mW at this resonance. In general, the models provide 

a better prediction of the experimental results for lower frequencies (near the plucked 

resonance) than they do for higher frequencies (e.g. near the coupled motion resonance).  

Although the piezoelectric model used in the simulations is approximate rather than 

exact, the use of the damping approximation does not explain the disproportionate power 

reduction at high frequencies as compared with at low frequencies. Rather, the reduction 

in power is attributed to the mechanical interaction of the driving and generating beams in 

the mixed mode regime.  In mixed mode, the beam’s energy upon impact is near the 

boundary between an energy level that is sufficient to drive plucked harvesting and an 

energy level that can only drive coupled-motion harvesting. Any loss of energy to inter-

beam friction or mechanical wedging together of the beam tips can reduce the amount of 
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plucked harvesting in the mixed system. Since plucked harvesting is more efficient than 

coupled-motion harvesting, the loss of plucked cycles reduces the power output in a way 

that is disproportionate to the total amount of energy that is lost to friction. The detailed 

design of the tip and the inter-beam contact can clearly play a significant role in the 

system’s power output.  The harvester with a flexible tip offers a higher average power of 

0.16 mW over the measured frequency range than the 0.10 mW average power level that 

is obtained using the harvester with a more rigid tip. 

 

5.4. Conclusion 

Experimental validation of the first generation switched-dynamics harvester that 

passively switches among operating modes to maximize output power in the face of time-

varying ambient vibrations is presented in this chapter. The measured dynamics are similar 

to the predicted results in previous chapter. Coupled-motion harvesting is observed at lower 

accelerations and plucked harvesting is observed at higher accelerations. Plucked 

harvesting produces higher output powers than coupled-motion harvesting under similar 

operating conditions, as expected.  

The dynamics of the passively-switched harvester resemble the predicted dynamics 

closely when contact between the two beams is modulated by the addition of a flexible tip. 

The deviation between predicted and measured dynamics in the absence of a flexible tip is 

attributed to the beams’ finite thicknesses.  Thick beam tips prolong the interaction between 

the beams during beam tip passing, increasing frictional losses; in addition, any roughness 

at the beams’ tips can cause the beam tips to wedge together during beam passing. The 

added flexible tip minimizes frictional losses and the potential for the beams to lock 
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together mechanically. It also modulates the contact between the two beams, minimizing 

breakage due to impact. The measured peak power pf 1.56 mW is similar to the simulated 

power peak of 1.8 mW under measured conditions at 0.5 g. These peak power levels are 

observed when the system is operating in plucked mode, and the difference between 

simulated and measured values is attributed to a combination of the approximate 

piezoelectric model and mechanical losses due to the interaction between the beam tips 

during beam passing.  
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6. PASSIVELY-SWITCHED ENERGY HARVESTER: NESTED 

CONFIGURATION 

 
 
 
6.1. Introduction 

The passively-switched harvesters in Chapter 5 employ both frequency up-conversion 

and the different resonance frequencies that arise from multiple modes of motion to 

generate useful levels of power over an expanded operating frequency range. Two beams 

are mounted tip-to-tip on opposing supports in a “facing” configuration with a small 

overlap between their tips.  One is a low-frequency “driving” beam that couples into the 

ambient accelerations, and the second is a higher frequency piezoelectric “generating” 

beam that converts mechanical energy into electrical energy. Vibrational excitation causes 

the driving beam to impact the generating beam, resulting in one of three types of motion, 

the characteristic frequencies of which depended on the details of the ambient vibration. 

The driving beam can bounce off of the generating beam; this is called coupled-motion 

operation mode and is typically observed for accelerations that are small or far from the 

driving beam’s resonance. The driving beam may also deflect the generating beam far 

enough that it passes from above the generating beam to below it (or vice versa), leaving 

the generating beam to vibrate at its own resonance; this is called plucked operation mode 

and is typically observed for strong or on-resonance accelerations. The final behavior 

observed in this system was a mixture of both types of motion. The harvester passively 

switches among the various types of dynamics, allowing it to generate power when it is 

close to any of the motions’ resonance frequencies. The resulting prototype with a flexible 
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tip offers a measured peak power of 1.48 mW at 0.5 g and a frequency range from about 6 

Hz to 11 Hz (representing over 10% peak power in either direction). However, the 

harvesters in Chapter 5 are large for practical human-powered energy harvesting, with a 

device volume of 39 cm3 and a maximum linear dimension of 12.8 cm. Further 

downscaling of this architecture is challenging because of the tendency of smaller-volume 

structures to display higher resonance frequencies (which are less suitable for human-

powered harvesting) and smaller power output. 

Like the harvesters in Chapter 5, the nested-beam system described in this chapter is 

also a passively-switched harvester. However, it has an over 6X smaller volume and a 4X 

smaller maximum linear dimension than the harvesters in Chapter 5, in large part because 

it employs a nested-beam configuration in which a U-shaped driving beam and a 

piezoelectric generating beam are mounted together (in a parallel orientation) on a single 

support, as shown in Figure 6.1. The nested-beam configuration enables a low frequency 

system resonance to be obtained in a compact package without reducing the size of the 

piezoelectric generating beam as compared with the harvesters in Chapter 5. A flexible tip 

is mounted at the inner edge of the U-shaped driving beam to mediate the contact between 

the driving beam and the generating beam. Like the harvesters in Chapter 5, the driving 

beam in the nested-beam harvester can pass from above to below the generating beam and 

back as well as bouncing off of the generating beam. Unlike the harvesters in Chapter 5, 

the nested-beam/flexible tip configuration is governed by different physics and produces 

different types of dynamics than are observed in Chapter 5. These changed dynamics alter 

the mechanism by which the present system adapts to changing ambient vibrational 

conditions and result in a qualitatively different optimization of the system parameters.  
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This chapter first presents the basic architecture of the nested-beam harvester, and then 

identifies and characterizes the qualitatively different dynamical behavior of this system as 

compared with the harvesters in Chapter 5.  Experimental results are used below to study 

the role of the flexible tip and nested beam architecture in producing these unique 

dynamics; quantify the effects of this dynamical behavior on average power output; and 

characterize and compare the effects of three different tip designs to optimize and tune the 

overall function of the harvester system.   

 

 

Figure 6.1. Schematic diagram of the nested-beam energy harvester. 

 

The key difference between the facing-beam configuration of the harvesters in Chapter 

5 and the present nested-beam configuration lies in how the beam tips pass each other and 

the role of the flexible tip in mediating their passage. In the facing-beam configuration, all 

three types of dynamics – coupled-motion, plucked, and mixed – can be achieved whether 

a flexible tip is employed or not. If no flexible tip is used, the driving beam passes the 

generating beam when the horizontal displacements that accompany the beams’ vertical 

displacements reduce the beams’ overlap to zero. If a flexible tip is used, the tip permits 
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the beams to pass at smaller generating beam displacements than for the no-tip case 

because the flexible tip’s extreme deformations more rapidly reduce the beams’ overlap to 

zero. This enables plucked mode to occur at smaller accelerations and over a wider 

frequency range than would be possible without a flexible tip. Although the flexible tip can 

slightly reduce the system’s peak output power, it improves overall performance by 

expanding the operational range over which the typically higher-power plucked harvesting 

is observed. 

If there is no flexible tip in the nested-beam configuration, the driving beam can never 

pass the generating beam because the beams’ lengthwise overlap increases as the driving 

beam deflects the generating beam. The difference between the architectures reflects the 

fact that the beams’ horizontal displacements occur in the same direction for the nested-

beam architecture rather than in opposite directions for the facing-beam configuration. To 

illustrate this phenomenon, the horizontal deflection at the tip of a cantilever beam can be 

expressed as [Beléndez 2002]  

 

𝛿` =
#VW
a
𝑠𝑖𝑛(a(

U

#VW
),         (6.1) 

 

where E and I are the elastic modulus and the moment of inertia of the cantilever, F is the 

force applied at the tip of the cantilever, and l is the length of the cantilever. 
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Figure 6.2. Plot of lateral overlap vs. shared deflection of driving beam and generating 
beam in nested-beam configuration (red) and facing-beam configuration (blue). 
 

Figure 6.2 plots the beams’ lengthwise overlap vs. deflection for otherwise comparable 

harvesters that differ only in their configuration (facing-beam vs. nested beam). Both cases 

use the same U-shaped driving beam and the same generating beam; no flexible tip is 

included, and the initial overlap is 10 µm. In the facing-beam configuration, the lateral 

overlap decreases with deflection until the lateral overlap becomes negative and the beam 

tips can pass. In the nested-beam configuration, the lateral overlap increases with 

deflection, indicating that the driving beam cannot pass the generating beam without using 

a flexible tip. The inclusion of a flexible tip is therefore strictly necessary for the beam tips 

to pass each other in a nested-beam configuration. As in the facing-beam configuration, the 

flexible tip’s large deflection under a moderate contact force permits the beam tips to pass 

when the rigid beams alone would still have too much overlap to enable the beam tips to 

pass. The point at which this occurs reflects the flexible tip’s deflection under the influence 

Nested

Facing
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of the force applied by the generating beam as well as the overall deflection of the driving 

beam. The remainder of this paper examines the function of the flexible tip-mediated 

nested-beam harvester from the related perspectives of modeling, component 

characterization, and full system operation.  

 

6.2. Modeling 

The initial predictions of the performance of the nested-beam harvester were made 

using the one-dimensional, lumped-element model (Chapter 4) that successfully predicted 

the behavior of the facing-beam harvesters in Chapter 5. Whereas the model of Chapter 4 

was originally used to enable time-domain simulation of the performance of the harvester 

of Chapter 5, it is used here simply to predict the characteristic time scales and frequencies 

that govern the dynamics of both the facing-beam and nested-beam harvesters.  

In this model, the stiffness values of the driving and generating beams are kD and kG 

and the lumped masses of the driving beams are mD and mG, respectively. The optional 

flexible tip was neglected in the time-domain simulations of the facing-beam harvester, 

and beam passing was predicted by a displacement criterion (since horizontal and vertical 

displacements had a one-to-one correspondence). In the present modeling of the nested-

beam harvester, the basic architecture of the model will be maintained, but the effects of 

the flexible tips will be explicitly included. 

The lumped parameter model yields predictions for three time (frequency) scales that 

govern the behavior of the harvester system.  The characteristic frequency of the driving 

beam is approximately equal to the characteristic frequency of the system wplucked when it 

undergoes plucked harvesting and is given by  



	 97 

 

D

D
plucked m

k
=w

.         (6.1) 

 

The characteristic time scale of the two beams moving essentially together during the 

bounce portion of coupled-motion is approximated as a characteristic frequency wtogether, 

 

ωtogether =
keff
meff

=
kD + kG
mD +mG ,       (6.2) 

 

where keff and meff are the effective stiffness and mass of the parallel combination of the 

driving and generating beams, respectively. Finally, the characteristic frequency wcoupled of 

an entire cycle of coupled-motion (including periods of independent beam motion and 

periods of the beams moving together) is given as in [Gu 2011] by  

 

ωcoupled =
2ωtogetherω plucked

ωtogether +ω plucked .       (6.3) 

 

This model works well for the facing beam configuration in Chapter 5. The predicted 

characteristic time scales of plucked harvesting, of the two beams moving together during 

coupled-motion harvesting, and of a full coupled-motion cycle are described by 

frequencies of 7.5 Hz, 33 Hz, and 12.3 Hz, respectively. The predicted plucked and 

coupled-motion frequencies are similar to the experimentally-measured plucked and 
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coupled-motion resonances of about 7 Hz and 11 Hz; the discrepancies reflect slight 

parameter differences between the simulated and experimentally-implemented conditions. 

However, the model’s neglect of the effects of the flexible tip will be seen to limit its utility 

for the nested-beam harvester. 

 

Table 1. Mechanical and electrical properties of the driving beam and generating beam. 

 U-shaped driving beam 

 

Generating beam 

 

 

Material ABS plastic PZT-5A 

Young’s modulus (GPa) 2.24 66 

Length (mm) 32 28.5 

Width (mm) 6 each arm, 12 in total 6.4 

Thickness (mm) 0.53 0.51 

Effective mass (g) 8.8 0.174 

Capacitance (nF) N/A 7.4 

 

When this model is applied to a nested-beam harvester with the geometry and 

properties shown in Table 6.1, the predicted frequencies are similar to those observed in 

Chapter 5, reflecting the similar values of stiffness and mass in the present nested-beam 

harvester as in the facing-beam harvesters in Chapter 5. The predicted plucked resonance 

is at 7 Hz, whereas the predicted “moving together” frequency is 41 Hz and the coupled 
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frequency is 12 Hz.  It will be shown below that this model does not adequately describe 

the behavior of the nested-beam harvester, in which the flexible tip plays a critical role.   

One approach to improving the applicability of the model to the nested-beam harvester 

is to explicitly include the effects of the flexible tip. The system may be approximated as 

three beams (the driving beam, the generating beam, and the flexible tip) in a combined 

parallel/series configuration. This approach is imprecise because the point of contact 

between the flexible tip and the generating beam varies as the beams deflect, effectively 

modifying the parallel/series configuration during operation. If the three-beam system is 

nonetheless modeled as a flexible tip connected in series with the generating beam to form 

a combined stiffness that is then connected in parallel with the driving beam, the effective 

stiffness of the three beams when moving together will be given by  

 

D
TG

TG
eff k

kk
kk

k +
+

=
,        (6.4) 

 

where kT is the stiffness of the flexible tip. The fact that the force is applied at the tip of the 

driving beam but the relevant deflection is measured at the generating beam/flexible tip 

interface limits the utility of this model to predicting characteristic frequencies of the 

system. Within those limits, using the measured stiffness values of the flexible tip in 

quasistatic deformation (see Section 6.3) to calculate the system’s effective “moving 

together” stiffness and frequency according to equations (6.2) and (6.4) would yield a value 

of wtogether equal to 11 Hz and a value of wcoupled equal to 8 Hz. This estimate does not take 

into account the differences between quasistatic systems and dynamical systems. For 

example, it has been shown in [Shaw 1983] that the resonance frequency of a two degree 
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of freedom system such as this one becomes larger as the acceleration amplitude increases 

rather than remaining constant. 

Although the models above differ in their details, they all share a common assumption: 

that the time scales of the nested-beam harvester can be uniquely predicted from the values 

and arrangement of the system’s masses and springs.  It will be shown below that these 

models do not capture the full physics of a nested-beam system with its persistently large 

beam overlaps and its large flexible tip deflections.  

 

6.3. Experiments 

The driving beam of the experimentally-implemented energy harvester consists of a 

U-shaped acrylonitrile butadiene styrene (ABS) driving beam with an 8.8 g proof mass; its 

generating beam is a commercial bimorph PZT cantilever (Piezo System, Inc.). The 

parameters of both are given in Table 6.1, and a photograph of the harvester is shown in 

Figure 3. Both beams’ supports are fixed to a 3D printed base by inserting the ends of each 

beam into slots in the base and epoxying them in place. The slots holding the driving beam 

are designed to have curved edges to prevent driving beam from breaking at the mounting 

position. The proof mass comprises two bronze half-cylinders that are adhered above and 

below the driving beam’s tip as shown.  
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Figure 6.3. Photograph of a nested-beam energy harvester. 

 

The harvester shown in Figure 6.3 includes a triangular flexible tip that provides 

mechanical connection between the driving and generating beams. The flexible tip is 

affixed to the inside of the driving beam’s U-shape, and the opposite end of the flexible tip 

overlaps but is not affixed to the generating beam. Three different flexible tip designs are 

used, each as part of its own nominally identical harvester. The flexible tips are laser-cut 

from multilayer stacks of vinyl-coated, paper laboratory labeling tape (VWR) to form 

precise rectangular and triangular shapes. The triangular tips are isosceles triangles with 

thicknesses of 310 µm (comprising a double layer of tape) and 430 µm (comprising a triple 

layer of tape). The rectangular tip is 310 µm thick. Its length is the same as that of the two-

layer triangular tip, and its width is designed so that it has the same nominal stiffness as 

the two-layer triangular tip. The dimensions of the flexible tips are listed in Table 6.2. Each 

flexible tip is installed under the microscope to ensure that the tip’s overlap with the 

generating beam is the same for all three harvesters (2 mm +/- 0.01mm).  
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An important difference between the rectangular tip and the triangular tips arises from 

their different bending stress profiles. An ideal, tip-loaded triangular beam will experience 

uniform bending stress along its length. The present triangular flexible tips are not precisely 

tip-loaded because the load is applied on the overlap region instead of exactly at the 

triangular beam’s peak. However, the bending stress profile will still approximate the 

uniform stress profile of a tip-loaded triangular beam. In contrast, a tip-loaded rectangular 

beam experiences a stress concentration at its support, leading the rectangular flexible tip 

to form a crease near its support and reducing its stiffness below that of the triangular tip. 

 

Table 6.2. Material and dimensions of three flexible tips used in prototypes of nested-beam 
harvesters. 
 

 Triangular flexible tips Rectangular flexible tip 

Material 2 and 3 layers of lab labeling tape 2 layers of lab labeling tape 

Length (mm) 5 5 

Width (mm) 6 (triangle base length) 4 

Thickness 

(mm) 

0.31 for 2-layer, 0.43 for 3-layer 0.31 

 

To characterize harvester performance, each harvester is mounted on the shaker of a 

vibration testing platform (LW139.151-30, Labworks). The shaker is oriented so that the 

beams hang downward with their lengths parallel to the acceleration of gravity; the shaker 

then moves horizontally during test. The acceleration is measured by an integrated 

accelerometer that provides real time feedback to the controller. The PZT beam is wired to 

a resistor with a value (410 kW) that is chosen to match the harvester’s impedance during 
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coupled-motion as described in Chapter 5. The loaded voltage signal vs. time are recorded 

by a DAQ card (National Instruments, NI USB-6218) via a Labview interface. 

Instantaneous converted power is calculated from the measured loaded voltage and the 

external “load” resistor value; this converted power places an upper bound on the useful 

power that the harvester can output in practical application.  To calculate average converted 

power for stable system dynamics, the instantaneous power is integrated over time and 

divided by the integration period. Tests of the harvesters with triangular tips are conducted 

over a frequency range of 5 Hz - 22 Hz with a resolution of 0.5 Hz to 1 Hz (depending on 

the particular test) and over an acceleration range of 0.1 g - 2 g with a resolution of 0.1 g. 

The harvester with a rectangular tip is tested over a subset of this range to enable 

comparison. For sufficiently large accelerations on resonance, it is possible for the driving 

beam to deflect so far that it contacts the supports. Because contact with the supports 

modifies the dynamics, these points of excessive deflection are noted during experiments 

and excluded from the analysis. 

The overall nature of the dynamics at each operating condition are recorded during 

test (plucked, coupled-motion, or a mixture of the two). The nature of the dynamics is also 

captured by the recorded voltage signal, which indicates whether the generating beam 

being forced upward or downward, is freely deflecting upward or downward, or is at rest. 

Videos at 240 frames per second are also recorded at a selection of operating points to 

confirm the interpretation of measured voltage as an indicator of generating beam position 

and dynamics.    
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Figure 6.4. Photograph of the testing setup for characterizing flexible tip stiffness. 

 

To characterize the stiffness values of the flexible tips, the proof mass and the 

harvester’s 3D printed base are fixed in the grips of mechanical tester (Instron 5943) via 

custom adapters, as shown in figure 6.4. The mechanical tester moves the proof mass 

quasistatically past the generating beam in both directions, from above to below and vice 

versa. Figure 6.5 shows the slopes of the measured force vs. deflection curves for the 

harvester using a triangular flexible tip. Data like those shown in Figure 6.5 allow 

extraction of the stiffness of the driving beam alone (when it is out of contact with the 

generating beam) and of the combination of the driving and generating beams with the 

flexible tip (when the beams are in contact). The measured driving beam stiffness values 
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are 16.3 N/m and 17.5 N/m respectively for the harvesters with thinner and thicker 

triangular tips, reflecting small variations in the beam fabrication and mounting. The 

stiffness of the flexible tip can be extracted from the data on the three beams deflecting 

together by using Eq. (6.4) together with the measured stiffness of the driving beam and 

the nominal 578 N/m stiffness of the generating beam. After extracting the parallel stiffness 

of the driving beam from the three-beam measurements, the measured stiffness values of 

the generating beam together with the flexible tip are calculated as 32.8 N/m for the 

harvester with a thicker triangular flexible tip and 27.8 N/m for the harvester with a thinner 

triangular flexible tip. These values correspond to flexible tip stiffnesses of 15.7 N/m and 

11.7 N/m for the thicker and thinner triangular tips, respectively. The characterization of 

the rectangular tip is not as meaningful because the crease at its base renders its behavior 

anomalous (i.e. not elastic bending). 
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Figure 6.5. Plot of force vs. deflection for the harvester using the 3-layer triangular flexible 
tip. From a-b-a, the movable clip moves up from origin a, bending the driving beam without 
affecting the generating beam, and returns to origin. From a to c, the generating beam is 
being deflected by the driving beam via the flexible tip. From c to d, the driving beam 
passes the generating beam leading to an independent movement of the driving beam as d-
e-f. From f to g, the driving beam again deflects the generating beam on the other side. 
From g to h, the driving beam passes the generating beam. The driving beam then moves 
independently in the path of h-b-a back to the origin and continues to complete five cycles. 
 

6.4. Results 

Three types of beam interactions are observed in the harvester’s operation. The first is 

a plucked interaction as in Chapter 5, in which the driving beam passes from above to 

below the generating beam (or vice versa) and the generating beam is released to vibrate 

at its own resonance frequency after the beams separate. The second is a coupled 

interaction as in Chapter 5, in which the driving beam bounces off of the generating beam 

instead of passing it. In the third type of motion, the driving beam passes from above the 

generating beam to below it (or vice versa), but the transition is so gentle that the generating 

beam does not vibrate after the driving beam passes. This type of interaction will be 
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referred to as “passing”. Of these three types of motion, plucked interactions generate more 

electrical power than either coupled or passing interactions; passing interaction generates 

more power than coupled interaction. Under all tested operating conditions, the driving 

beam always contacts the generating beam, so that these categories (together with 

excessive deflection) characterize all of the system’s behavior. 

The system’s dynamics are described not just by individual interactions between the 

beams, but also by the pattern in which those interactions occur. The broad categories of 

the patterns of interaction are described as plucked (in which the driving beam consistently 

either plucks or passes the generating beam), coupled-motion (in which the driving beam 

consistently bounces off the generating beam), and mixed operation (in which a 

combination of coupled interaction and plucked/passing interaction take place).  Figure 6.4 

maps the harvester’s dynamics as a function of driving frequency and acceleration for the 

harvesters with the thinner and thicker triangular flexible tips. In general, plucked 

harvseting is observed at high accelerations and near system resonances. Coupled-motion 

harvesting is observed at low accelerations and further away from resonance frequencies. 

Mixed operation is observed in the transitional regions between plucked and coupled-

motion harvesting.   

The nested-beam dynamics of Figure 6.4 are similar to those of the facing-beam 

harvesters in Chapter 5 in that plucked mode and mixed mode are observed in a frequency 

band around the resonance that widens with increasing acceleration amplitude. The nested-

beam dynamics differ from the facing-beam dynamics in that the facing-beam harvester 

exhibits mixed operation near the second harmonic of the coupled resonance whereas the 

nested-beam harvester does not. The lack of mixed dynamics at the second harmonic of the 
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coupled resonance is attributed to the greater difficulty of beam passing in the nested-beam 

harvester as the lateral overlap, unlike the facing-beam harvesters in Chapter 5, increases 

when the driving beam deflects the generating beam. The impact of the harvester’s 

dynamics on its power output are discussed below.    
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Figure 6.4. Observed operation mode vs. acceleration and driving frequency for the nested-
beam harvesters using (a) a thinner triangular flexible tip and (b) a thicker triangular 
flexible tip. Blue, orange and green represent coupled-motion, mixed and plucked 
harvesting, respectively. White represents cases in which the driving beam undergoes 
excessive displacement. 
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Figure 6.5. Average measured power vs. acceleration and driving frequency for the nested-
beam harvesters (a) with a thinner triangular flexible tip and (b) with a thicker triangular 
flexible tip. The white dashed boundary outlines the operating range in which converted 
power exceeds 20 µW. 
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Figure 6.5 plots the measured power output vs. driving frequency and acceleration for 

the harvesters with thinner and thicker triangular flexible tips; the color scale is the same 

for both plots and represents power values from 0 µW to 550 µW. Note that the power is 

represented as zero for conditions of excessive deflection (at 7 Hz from 0.9 g to 2 g); this 

reflects a lack of reliable data collection when the beams interact with the supports rather 

than a truly zero power level.   

The average power converted by the nested-beam harvester with the thinner (less stiff) 

triangular flexible tip (Figure 6.5(a)) peaks at 7 - 8 Hz, near the driving beam’s resonance 

(and hence near the plucked resonance) of about 7 Hz. The concept of frequency figure of 

merit is defined in [Berdy 2012] as the product of device volume and resonance frequency. 

In Chapter 5, the harvester with the facing-beam configuration has a resonance of 7 Hz and 

a device volume of 39 cm3, whereas the nested-beam harvesters in this chapter have the 

same resonance frequency and a device volume of 6.4 cm3. Thus the nested-beam 

configuration results in a 6X smaller frequency figure of merit of 44.8 cm3Hz using device 

volume as compared with previous harvester in Chapter 5. This shows that the nested-beam 

harvester can better access low (human-scale) frequencies than the harvester using a 

facing-beam configuration. The nested-beam harvester has a better frequency figure of 

merit than piezoelectric cantilever-based energy harvesters in [Erturk 2009] (160 cm3Hz) 

and [Roundy 2004] (120 cm3Hz) and a lower resonance frequency as well. Typical micro-

scale piezoelectric energy harvesters, such the harvesters in [Miller 2011] (0.294 cm3Hz) 

and [Liu 2011] (0.475 cm3Hz), have lower frequency figures of merit than nested-beam 

harvester, but they usually have much higher resonance frequencies, limiting their 

applicability to human motion driven harvesting. When using the operating volume, the 
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nested-beam harvester’s frequency figure of merit (322.7 cm3Hz) is 3X smaller than that 

of the harvester in Chapter 5.  

The operating range in which average converted power exceeds 20 µW extends from 

6 Hz to 14 Hz in frequency and from 0.4 g to 2 g in acceleration, which is about 30% of 

the entire examined range. The maximum average converted power of 253 µW is observed 

at 7 Hz under an acceleration of 0.6 g. The maximum normalized power density of 235.4 

µW/cm3g2 is observed at 0.4 g and 7 Hz. The frequency of the plucked resonance is 

apparent in the power peak near 7 Hz. However, the frequency of the coupled resonance 

does not appear as a clearly-defined power peak. This is in contrast to the facing-beam 

harvesters in Chapter 5, in which the coupled resonance was clearly apparent as a 

secondary peak (i.e. a power decline followed by a power increase) within the harvester’s 

main operating band. The reasons for this behavior are discussed further below. In addition, 

the plot of Figure 6.5(a) does not appear to show a power increase at higher harmonics of 

the system’s resonances. However, this is deceptive; in applying a common threshold to 

the two color maps of Figure 6.5, small increases in power are rendered invisible. The 

higher frequency behavior is shown more clearly in Figure 6.6.  

The average power converted by the nested-beam harvester with the thicker (more 

stiff) triangular flexible tip (Figure 6.5(b)) shows a higher power output and a different 

dependence on frequency than are seen in Figure 6.5(a). Although the frequency of the 

plucked resonance is still apparent in the enhanced power near 7 Hz at larger driving 

accelerations, the resonance at lower acceleration amplitudes centers about 10 Hz. This 

higher frequency resonance at low accelerations reflects the fact that the stiffer flexible tip 

inhibits beam passing at low accelerations, promoting coupled-motion mode to occur with 
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its higher resonance frequency than plucked mode. A clear secondary power peak is also 

visible near 21 Hz (at about the second harmonic of the 10 Hz coupled-motion resonance). 

The maximum average converted power of 515 µW for the harvester with the thicker 

triangular tip is observed at 7 Hz under an acceleration of 0.8 g. The operating range in 

which average converted power exceeds 20 µW extends from 5 Hz to 19 Hz in frequency 

and from 0.2 g to 2 g in acceleration, which is about 47% of the examined range, more than 

1.5X larger than that in Figure 6.5(a). 
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Figure 6.6. Plots of average converted power vs. driving frequency for all three harvesters 
driven at an acceleration of 0.8 g. Blue diamonds represent the harvester with the thicker 
triangular flexible tip, orange triangles represent the harvester with the thinner triangular 
flexible tip, and green squares represent the harvester with a rectangular flexible tip. 
Arrows labeled with “Coupled” represent the boundaries between mixed harvesting and 
coupled-motion modes. Arrows labeled with “Plucked” represents the boundaries between 
plucked modes and mixed modes beyond the plucked resonance of 7 Hz. Mixed operation 
occurs between the “Coupled” and “Plucked” regions. 

 

Figures 6.6 and 6.7 plot power output vs. driving frequency for the three nested-beam 

harvesters, each of which includes a different flexible tip design; the transitions from 

plucked to mixed to coupled dynamics are also shown. In Figure 6.6, the amplitude of the 

acceleration is 0.8 g, resulting in a wide range of plucked mode or mixed mode about a 

primary peak; the boundary between plucked mode and mixed mode and the boundary 

between mixed mode and coupled-motion mode are indicated on the graph. The harvester 

with a thicker flexible tip has a peak average power of 450 µW while the harvester with a 

thinner flexible tip has a peak average power of 285 µW, both at 7 Hz. The frequency 
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ranges where the average power is over 10% of the peak value are 6 Hz -11.5 Hz for the 

harvester with a thicker flexible tip and 5.5 Hz - 10.5 Hz for the harvester with a thinner 

flexible tip. The frequency ranges where the average power is over 30% of the peak value 

are 6.5 Hz – 8 Hz for the harvester with a thicker flexible tip and 6.5 Hz – 9 Hz for the 

harvester with a thinner flexible tip. A secondary power peak also appears for each 

harvester around 20 Hz, near the second harmonic of 10 Hz coupled-motion. In Figure 6.7, 

the amplitude of the acceleration is 0.1 g, resulting in almost entirely coupled-motion. The 

data for these plots are captured with a finer frequency resolution (0.5 Hz) than the data 

shown in Figure 5 (1 Hz). Together, these plots enable a quantitative comparison of the 

effects of the flexible tip design on the nested-beam harvester’s dynamics and power 

generation in different modes of operation.  

 

Figure 6.7. Plots of average converted power vs. driving frequency for all three harvesters 
driven at an acceleration of 0.1 g. Blue diamonds represent the harvester with the thicker 
triangular flexible tip, orange triangles represent the harvester with the thinner triangular 
flexible tip, and green squares represent the harvester with a rectangular flexible tip. 
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At both 0.8 g and 0.1 g, the peak power from the harvester with the thicker triangular 

flexible tip exceeds the peak power from either of the harvesters with thinner flexible tips. 

This is consistent with a stiffer tip imposing a larger deflection on the generating beam 

during impact, resulting in larger voltages and larger power conversion. For all three 

harvesters the primary power peak at 0.8 g is centered around the plucked resonance of 7 

Hz, reflecting the harvesters’ plucked dynamics at large accelerations. At 0.1 g, the peak 

frequencies range from 8 Hz (rectangular tip) to 8.5 Hz (thinner triangular tip) to 9 Hz 

extending toward 10 Hz (thicker triangular tip). The dynamics at 0.1 g are consistently 

coupled, except for the observation of mixed dynamics in the harvester with a rectangular 

flexible tip at 8 Hz. The measured peak frequencies all fall between the predicted upper 

bound of 12 Hz for a purely rigid tip and the predicted lower bound of about 8 Hz for a 

flexible tip that would be seen in the absence of any increase in characteristic frequency 

from high acceleration dynamical effects [Shaw 1983]. In addition, the lowest effective 

stiffness tip (the creased rectangular tip) offers the lowest frequency and the highest 

stiffness tip (the thicker triangular tip) offers the highest frequency, consistent with the 

expected trend.  It is important to note that the peak frequency at low acceleration is not 

entirely consistent from run to run. For example, the peak frequency shown in Figure 5 for 

the harvester with the thinner tip at 0.1 g is 8 Hz; for the harvester with the thicker tip, the 

0.1 g peak in Figure 5 occurs at 10 Hz. 

In Figure 6.6, the harvester with the thicker tip and the harvester with the thinner tip 

each have a peak power of 448.6 µW and 285.4 µW, resulting in normalized power density 

of 109.5 µW/cm3g2 and 69.7 µW/cm3g2. To enable an apples-to-apples comparison of 

power density to the previous harvester in Chapter 5, the output power is extracted at an 
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acceleration of 0.5 g for both the nested-beam harvester with the thinner flexible tip and 

the facing-beam harvester with a flexible tip in Chapter 5 at the same frequency of 7 Hz, 

as both harvesters are operating at their power peak in plucked operation mode at each 

driving beam’s resonance. In Figure 6.5(b), the power peak of the harvester with the thinner 

flexible tip at 0.5 g is 237 µW, resulting in a normalized power density of 148.1 µW/cm3g2. 

In Chapter 5, the measured power peak of the harvester with a flexible tip at 0.5 g is 1.48 

mW resulting in a normalized power density of 151.8 µW/cm3g2. At the same acceleration, 

the peak average power of the harvester with a thinner flexible tip is 16% of the peak 

average power of the harvester in Chapter 5. Power is expected to be reduced as volume is 

reduced; all else being equal, power is expected to vary as volume4/3 [Mitcheson 2008]. 

This scaling would predict a power for the nested-beam harvester that is only 8.7% of the 

power measured for the facing-beam harvester. The nested-beam harvester therefore 

outperforms scaling expectations for its power level.   

The power vs. frequency measurements of nested-beam harvesters in Figure 6.6 are 

qualitatively different from the comparable power vs. frequency plots obtained for facing-

beam harvesters in Chapter 5. In Chapter 5, the primary power generation was predicted 

and observed to comprise two distinct peaks: a larger one at the plucked resonance and a 

smaller one at the coupled resonance. This behavior is anticipated by the models presented 

above, which predict passive switching between two power-enhancing dynamical modes 

(plucked and coupled), each with its own characteristic frequency. At frequencies between 

the two resonances, mixed dynamics and reduced power are predicted. In mixed dynamics, 

when the driving beam’s oscillation and the driving acceleration happen to be appropriately 

phased during a driving cycle, plucked interactions occur and instantaneous power 



	 118 

conversion is increased. When they happen to not be appropriately phased, coupled 

interactions occur and instantaneous power is decreased. The irregular alternation between 

plucked and coupled interactions under the driving acceleration is conceptually similar to 

a beat pattern, aside from the presence of two characteristic time scales in the beams’ 

dynamics. The reduction in power between the two resonances reflects the relatively 

infrequent occurrence of plucked interactions predicted by the models and observed in the 

facing-beam configuration of Chapter 5. 

In contrast, the power output from the nested beam harvesters declines gradually but 

monotonically as the driving frequency increases above the primary (plucked) peak 

frequency. In Figure 6.6, the power output from the harvester with the thinner triangular 

tip nearly plateaus before its abrupt decline at 11.5 Hz.  For all three harvesters, an abrupt 

decline accompanies the transition from mixed to coupled dynamics. The broad range of 

effective power conversion is not explained by the models described above in which each 

type of interaction (plucked or coupled-motion) is described by a particular characteristic 

frequency. To understand the origins of this behavior, the time variation of the measured 

voltage is examined, as shown in Figure 6.8.   

Figure 6.8 plots the voltage generated vs. time for a nested-beam harvester operated at 

0.9 g and 10 Hz as well as for one of the facing-beam harvesters of Chapter 5 operated 

under the same driving frequency. The nested-beam harvester is off resonance, but it 

clearly displays a repeated pattern of voltage output (and hence of displacement) under the 

influence of the driving acceleration. In contrast, the facing-beam harvester, despite its 

similar values of stiffness and characteristic frequencies, does not show a repeated pattern 

of generating beam excitations under the driving acceleration. The facing-beam harvester’s 
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characteristic time scales for plucked interactions and for coupled interactions do not 

readily add up to integer multiples of the driving period, resulting in reduced power 

between the resonances as predicted by the models above. Unlike the facing-beam 

harvester, the nested-beam harvester is able to match the time scales of its beam 

interactions to multiples of the driving period. This suggests that the time scales for beam 

interactions are flexible for the nested-beam harvester rather than fixed as for the facing-

beam harvester, allowing periodic oscillation across a wide range of driving frequencies. 

  

Figure 6.8. Recorded output voltage vs time for the nested-beam harvester with the thicker 
triangular flexible tip (a) and a facing-beam harvester with a flexible tip in Chapter 5 (b), 
under an acceleration of 0.9 g and a driving frequency of 10 Hz. In (a), space between two 
adjacent dash lines represents the time scale of 5 driving cycles.   

 

(a)

(b)
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The periodic mixed dynamics of Figure 6.8 are not unique to a driving frequency of 

10 Hz.  Rather, they are observed over the entire range of frequencies that exhibits mixed 

dynamics and a very gradual decrease in converted power (e.g. from 9.5 Hz to 11.5 Hz for 

the harvester with the thicker triangular tip).  At 10 Hz, as shown in Figure 6.8(a), the 

pattern repeats every 0.5 s, which equals five driving cycles. In each repeating cycle, the 

driving beam plucks the generating beam three times and bounces off the generating beam 

in a coupled interaction; then the driving beam plucks the generating beam twice, passes 

the generating beam without causing it to ring down, and bounces off the generating beam 

in another coupled interaction. (For brevity, these dynamics can be described as “pluck-

pluck-pluck-coupled-pluck-pluck-pass-coupled”.)   

Figure 6.9 describes the dynamics of the nested-beam harvester with the thicker 

triangular flexible tip in this manner for the 9.5 Hz to 11.5 Hz frequencies of its mixed 

operation at 0.8 g.  At each frequency, the cycle of interactions is represented; the duration 

of each interaction is represented by the length of the corresponding block in the figure. 

The arrows in Figure 9 represent the periodicity of the driving acceleration at each 

frequency; phase is neglected because it is irrelevant to comparing the periodicity of the 

drive and the resulting dynamics. The number of driving cycles required to bring the 

beams’ motions back into phase with the driving acceleration varies from two (at 10.5 Hz) 

to five (at 10 Hz). The average power converted at each frequency does not correlate with 

the number of driving cycles required to return to in-phase operation, but rather with the 

prevalence of plucked dynamics in the repeated cycle of oscillations.  For example, 9.5 Hz 

shows the highest power output, and its cycle comprises the highest percentage of time 

(54.1%) spent in plucked mode. 
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Figure 6.9. Time scale distribution of the dynamics pattern of the harvester with a 3-layer 
flexible tip operating in mixed mode under an acceleration of 0.8 g. 

 

An important question is why the beams’ motions in the nested-beam harvester 

synchronize more readily with multiples of the driving acceleration than they do in the 

facing-beam harvester. This behavior is attributed to the flexible tip’s role in the nested-

beam architecture. Whereas the facing-beam configuration allows the beams to pass each 

other easily, minimizing interaction via the flexible tip, the nested-beam configuration 

inherently prolongs interactions with the flexible tip. The flexible tip undergoes large 

deformations during beam interactions, so that the flexible tip can start out nearly parallel 

to the generating beam and end up nearly orthogonal to it. This large-deflection behavior 

in the nested-beam configuration is responsible for the “passing without plucking” 

interactions that are prevalent in the mixed dynamics of the nested-beam harvester but are 

0 100 200 300 400 500

9.5

10

10.5

11

11.5

Time (ms)

Dr
iv

in
g 

fre
qu

en
cy

 (H
z)

Pluck Pluck Pluck

Pluck Pluck

Pluck Pass

Pass

Pass

Pass Pass

Coupled

Coupled

Coupled

Coupled Coupled

Pluck Pluck Pass Coupled

Pass PassCoupled Coupled



	 122 

largely absent from the dynamics of the facing-beam harvester. This large-deflection 

behavior also means that the characteristic times for plucked, passing, and coupled 

interactions are not uniquely defined. For example, the plucked interactions of Figure 6.9 

range from about 54 ms to about 60 ms in duration. Figure 6.9’s passing interactions range 

from about 41 ms to 48 ms. The coupled interactions range from about 89 ms to 103 ms, 

consistent with the large range of characteristic frequencies predicted by the model.  

These variations in characteristic time for the nested-beam system allow it to passively 

adapt its dynamics so that it periodically resynchronizes with the driving acceleration, 

enhancing the system’s power output.  Consider for example the impact of this variation 

on 10.5 Hz operation, which exhibits one plucked, one coupled, and one passing 

interaction. The variations in the durations of each of these three types of interactions sum 

to about 27 ms, which is a large fraction of its 95 ms driving cycle. Longer sequences of 

interactions offer still greater potential to extend or speed up the interactions in order to 

return to synchronization with the driving acceleration. Although the nested-beam 

harvester is a variation on the passively-switched, facing-beam harvesters in Chapter 5, the 

prolonged interaction of its beams provides a type and level of passive self-tuning that is 

not observed in the facing-beam configuration. 

 

6.5. Conclusions 

The energy harvester using nested-beam configuration for downscaling passively-

switched energy harvester is modeled and experimentally demonstrated. By using a U-

shaped driving beam in a nested-beam configuration, the device volume is significantly 

reduced to achieve a 6X smaller frequency figure of merit and a 4X smaller maximum 
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linear dimension, while retaining similar normalized power density as compared with 

harvesters in Chapter 5.  

In nested-beam harvester, the tip of the driving beam moves towards the generating 

beam during beam interaction, so that the flexible tip becomes the prerequisite for the 

driving beam to pass the generating beam. This specific phenomenon of nested-beam 

configuration prolongs the interaction between the driving beam and the generating beam 

which leads to different dynamics that was not observed in previous harvester. Instead of 

having two separate power peaks as in previous harvester, the nested-beam harvester has 

one merged power peak by resonances of coupled-motion and plucked motion because the 

system is capable of passively resynchronizing its dynamics with the driving acceleration 

to enhance the output power. 

The tested nested-beam harvester with a thinner triangular flexible tip generates a 

normalized power density of 148 µW/cm3g2 at 0.5 g and 7 Hz, similar to the 6X larger 

facing-beam harvester in Chapter 5. The harvester with a thicker flexible tip generates 

higher power than the harvester with thinner flexible tips. Its maximum average power is 

observed at 0.8 g and 7 Hz as 515 µW corresponding to a normalized power density of 

125.7 µW/cm3g2. Experimentally recorded dynamics within the tested range confirm that 

the nested-beam harvester has extended frequency range due to its ability to passively 

switch among multiple operation modes. Modeling and testing results are consistent, 

showing that the nested-beam harvester with the stiffer flexible tip has a wider frequency 

range than the harvester with a less stiff flexible tip. 
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7. CONCLUSIONS 

 
 
 
7.1. Thesis contributions 

Vibrational energy harvesting offers a low-maintenance approach to powering 

electrical systems off the grid. Vibrational energy harvesters convert mechanical energy 

from ambient vibrations to electrical energy in two steps. First, the harvester’s internal 

structure captures the ambient vibration signal and delivers the available mechanical 

energy to the transducer. Second, the selected transducer converts the delivered mechanical 

energy into electrical domain and apply electrical voltage on the load. Challenges often 

exist in the first step, which limits the overall performance of harvesting systems for 

applications that require high power outputs from vibrational sources (e.g. human motions) 

that are both irregular and characterized by low frequencies. This thesis presents solutions 

to this challenge in the form of passively-switched vibrational energy harvesters with low 

operating frequency and increased operational range, including both modeling and 

experimentation to characterize their performance. The core contributions of this thesis are 

listed below. 

 

• The passively-switched energy harvesters can extract electrical energy from low-

frequency vibrations and generate at higher frequencies for enhanced power output. 

 

The presented passively-switched harvesters employ frequency up-conversion. They 

consist of a low-frequency driving beam that captures mechanical energy from 

ambient vibrations and a high-frequency generating beam that converts the delivered 
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mechanical energy into electrical energy. Such systems can successfully address the 

need for both high frequency (for effective power generation) and low frequency (for 

effective coupling into human motions).  

 

• The passively-switched energy harvesters have increased operational ranges. 

 

The presented harvesters can exhibit multiple types of characteristic dynamics with 

different resonance frequencies. The system is capable of passively switching among 

dynamical modes of operation to expand the range of driving frequencies and 

accelerations over which the harvester effectively extracts power. 

 

• The nested-beam configuration significantly reduces system volume while 

retaining the key advantages described above. The nested-beam configuration also 

broadens the frequency range by providing enhanced power generation between the 

primary peaks. 

 

The passively-switched harvester with a nested-beam configuration achieves a 

6X smaller device volume as compared with the harvester with a facing-beam 

configuration. The interaction physics of the nested-beam harvester enables a similar 

frequency range and normalized power density as is observed in the facing-beam 

harvester. The broader range of periodic dynamics observed in the nested-beam 

harvester enhances power generation between the primary power peaks. 
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7.2. Directions of future work 

The author of this thesis suggests the following directions of future work. 

 

• Add motion stops into the system. 

 

For both of the passively-switched harvesters presented here, data that describe the 

dynamics and power output are omitted near the resonance of plucked operation 

mode due to driving beams’ large displacements which may either break the 

generating beam or exceed the volume limit of the device. Motion stops can be added 

into such harvesters to limit the driving beam’s displacement. On the one hand, this 

could allow harvesting through the entire operational range with reduced concern 

about breakage. Motion stops could also potentially reduce the device volume for 

potential higher power density. On the other hand, motion stops are expected to 

change the system’s dynamics, which could result in a performance improvement 

(e.g. further broadening of the operational range via nonlinearity) or a performance 

decline (e.g. loss of the dynamics studied here).  The effects of motion stops should 

be examined, along with their optimal location and geometry. 

 

• Continue down scaling the harvester system. 

 

The nested-beam successfully reduced the passively-switched harvester’s device 

volume by 6X, while retaining similar high power density and low resonance 

frequency. The limits of downscaling the system still further should be studied, and 
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further downscaled systems should be implemented. For example, within limits the 

U-shaped driving beam may be downsized by using materials with lower stiffness to 

keep its resonance frequency within the range of human motion-driven harvesting. 

The generating beam may also be downsized while using piezoelectric materials with 

higher piezoelectric strain coefficient to prevent excessive reductions in power. 

Ultimately, down scaling without changing the operational frequency is expected to 

be limited by robustness considerations. Future work may also focus on 

microfabricating passively-switched harvesting systems at the MEMS scale to 

capture the advantages of this architecture for systems with higher operating 

frequencies. 

 

• Non-contact interaction 

 

The passively-switched harvesters presented in this thesis both use direct physical 

contact between the driving beam (or flexible tip) and the generating beam for 

converting low-frequency mechanical power into high frequency electrical power. 

Such an interaction can also be realized through non-contact interactions such as 

magnetic forces. For example, Zhu et al. reported a passively-switched harvester in 

the facing-beam configuration, in which the beams’ interaction is realized by the 

magnetic force between magnets mounted on the driving beam and on the generating 

beam [Zhu 2015]. Similar research can also be considered for such harvesters using 

nested-beam configuration or other architectures; the use of magnetic interactions 
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may prove advantageous for addressing the challenge of increasing overlap between 

the driving and generating beams as displacement amplitude increases. 
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APPENDICES 
 
 
 

Appendix A. Tips for successful manufacture and testing of 

energy harvesters 

 

This appendix presents the key tips that the author learned from this research, 

including optimized techniques for the manufacture and testing of passively-switched 

energy harvesters. 

 

A.1. Avoiding breakage of the driving beam 

For the passively-switched harvester using the facing-beam configuration, breakage 

of the driving beam was detected during the testing. The breakage happened at the 

mounting position of the driving beam (where the surface stress is maximum) when the 

driving beam oscillated with large displacement around the plucked resonance, colliding 

with the sharp corners of the slot that holds it. The stress concentration that causes such 

breakage can be avoided by replacing the sharp corners with curved edges that are tangent 

to the top and bottom surfaces of the driving beam to the slot as in the nested-beam 

harvester. A few millimeters was adequate to prevent breakage in the nested-beam 

harvesters. In the future, motion stops can be applied to further avoid breakage. 
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A.2. Assembling the flexible tip 

As shown in the thesis, the overlap between the driving beam and the generating beam 

can be critical for the resulting dynamics of the system. In other words, even a small amount 

of change of overlap can switch the dynamics, for example from coupled-motion mode to 

mixed mode under the same driving conditions. In the facing-beam harvester, the flexible 

tip was made by folding lab labeling tape into two layers and sticking it onto the tip of the 

driving beam. The overlap between that flexible tip and its generating beam can be tuned 

by adjusting the micropositioner to which the support of the driving beam is attached. 

However, for the nested-beam harvester, the overlap between the two beams needs to be 

set up accurately for all kinds of flexible tips without using a micropositioner for the 

purpose of apple-to-apple comparison. (A micropositioner cannot adjust the relative 

positions of the beams in the nested-beam harvester because they are mounted to a common 

support.) 

The flexible tips in the nested-beam harvesters are assembled using the following 

steps: (1) use laser cutter to cut the flexible tip from a stack of lab tape of the appropriate 

thickness; (2) adhere the generating beam to a large piece of lab tape; (3) adjust the relative 

position between the flexible tip and the generating beam under the microscope, holding 

the tip in place with the larger piece of lab tape; length can be accurately decided based on 

the size of a pixel from the photograph taken by the microscope; (4) assemble driving beam 

and the first half-cylindrical side of the proof mass successively onto the lab tape under the 

microscope; the proof mass is already covered on one side by a piece of double-sided tape, 

so that it holds the driving beam and the flexible tip in place; (5) mount the driving and 
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generating beams onto the support; (6) release the assembled structure from the tape; (7) 

adhere the second half-cylindrical side of the proof mass to the harvester. 

This assembly method produces minimal variations in the overlap between separately-

fabricated harvesters.  

 

A.3. Make yourself comfortable getting data 

The simulation and experiments of passively-switched harvesting systems require a 

large amount of data to be recorded and collected. It is important to find the fastest and 

easiest ways to get the job done. For example, in simulation of the model across the entire 

operational range, each driving condition of acceleration and frequency requires 4 stripes 

of data for different dynamics with different load resistance, and it takes 1-3 hours to collect 

one data stripe of data. Thus it is necessary to embed coding in the simulation to let the 

computer continuously detect all possible conditions during the simulation and 

automatically save and organize recorded data without the need of external input. The code 

is attached in the appendix for reference. 

Collecting data in the experiment can also be time consuming. Unnecessary running 

of the harvester will greatly increase the chance of beam breakage. Hence collecting data 

from an assembled harvester needs to be purposeful and effective. For the testing setup of 

both harvesters, an excitation signal with a tunable frequency is amplified by a controller 

and then sent to the shaker. Tuning the driving frequency will lead to changes of the 

acceleration, but tuning the acceleration does not affect the driving frequency. Thus it is 

faster and easier to get data by sweeping the acceleration at a constant driving frequency. 

However, it is important that each data needs to be recorded after the harvester achieves 
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stable dynamics for a large enough amount of time based on the period of the initiating 

dynamics. 
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Appendix B. Simulation code for passively-switched energy 

harvester 

 
 
MAIN SCRIPT 
 
%After running mech model and knowing where diving occurs and where 
%plucking occurs can then choose the correct prefactor for the electrical 
%damping and for the power extraction 
for pln=2 
    for aln=3 
        for fln=22 %fln, aln, and omn are the frequency loop number, acceleration loop number, and operation 
mode number. These were set up to cycle through the parameters. 
     
         
             
            for omn=1:2:3 
                keep aln fln omn pln 
                close all 
                 
                %variables 
                mabs=1/100; %kg 
                cabs=.03; %N-s/m 
                kabs=22.41215175; %N/m 
                wabs=(kabs/mabs)^0.5; %rad/s 
                g=9.81; %N-m/s^2 
                mpzt=.8/1000*.2427; %kg 
                kpzt=415.8049935; %N/m 
                cpztm=0.005; %N-s/m 
                 
                %======================= 
                ASpacing=-.5/1000; %m 
                %======================= 
                 
                Eabs=2.24e9; %Pa 
                Iabs=3.33e-12; %m^4 
                Labs=10E-02; %m 
                Epzt=66e9; %Pa 
                Ipzt=0.000000000000140388975; %m^4 
                Lpzt=31.8/1000; %m 
                tpzt=.51/1000; %m 
                 
                stepnum=1; 
                 
                d31=1.9e-10; %C/N 
                eps=1.59e-8; %F/m 
                Lpzt=31.8/1000; %m 
                Wpzt=6.4/1000; %m 
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                Cap=7.4e-9; %F 
                RoptP=1/(sqrt(kpzt/mpzt)*Cap); %optimum matched load resistance for plucking 
                RoptD=1/(sqrt((kpzt+kabs)/(mpzt+mabs))*Cap); %for coupling 
                 
                %Running parameters these incorporate the loop number figures, change 
                %appropriately. 
                 
                %=============== 
                accel=0.1*aln; 
                %=============== 
                 
                %=============== 
                prct=0.0001*pln; 
                %=============== 
                 
                %=============== 
                freqHz=1*fln; 
                %=============== 
                 
                omega_couple=sqrt((kpzt+kabs)/(mpzt+mabs)); %rad/s 
                omega_pluck=sqrt(kpzt/mpzt); %rad/s 
                 
                %=============================== 
                n=500; %number of impact loops 
                %=============================== 
                 
                operation_mode=omn; % 1- coupled motion with RoptD 2-coupled motiong with RoptP 3- 
plucking motion with RoptD 4-plucking motiong with RoptP 
                 
                 
                 
                Overlap=(Lpzt)*prct; %Overlap of beams 
                %Source Loads 
                RS_couple=1/(omega_couple*Cap); 
                RS_pluck=1/(omega_pluck*Cap); 
                 
                tiSUM=0; 
                freq=freqHz*2*pi; 
                 
                %electrical damping ratio terms 
                
%b_elec_couple_RD=(9*RoptD/(128*((RS_couple)^2+(RoptD)^2)))*(d31^2*tpzt^4*Epzt^2/(eps^2*Lpzt^
4*(mpzt+mabs)*omega_couple^3)); 
                
%b_elec_couple_RP=(9*RoptP/(128*((RS_couple)^2+(RoptP)^2)))*(d31^2*tpzt^4*Epzt^2/(eps^2*Lpzt^4
*(mpzt+mabs)*omega_couple^3)); 
                
%b_elec_pluck_RD=(9*RoptD/(128*((RS_pluck)^2+(RoptD)^2)))*(d31^2*tpzt^4*Epzt^2/(eps^2*Lpzt^4
*mpzt*omega_pluck^3)); 
                
%b_elec_pluck_RP=(9*RoptP/(128*((RS_pluck)^2+(RoptP)^2)))*(d31^2*tpzt^4*Epzt^2/(eps^2*Lpzt^4*
mpzt*omega_pluck^3)); 
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                %Initialize all cells 
                tadata=cell(n,1); 
                xadata=cell(n,1); 
                yadata=cell(n,1); 
                tbdata=cell(n,1); 
                xbdata=cell(n,1); 
                ybdata=cell(n,1); 
                tidata=cell(n,1); 
                xidata=cell(n,1); 
                uadata=cell(n,1); 
                ubdata=cell(n,1); 
                vadata=cell(n,1); 
                vbdata=cell(n,1); 
                XAdata=cell(n,1); 
                XBdata=cell(n,1); 
                YAdata=cell(n,1); 
                YBdata=cell(n,1); 
                TAdata=cell(n,1); 
                TBdata=cell(n,1); 
                Vopen=cell(n,1); 
                PowerD=cell(n,1); 
                PowerP=cell(n,1); 
                ForceA=cell(n,1); 
                PrefactA=cell(n,1); 
                Phi0A=cell(n,1); 
                ForceB=cell(n,1); 
                PrefactB=cell(n,1); 
                Phi0B=cell(n,1); 
                 
                 
                for i = 1:n 
                    %====================== 
                    ta1=0:.0001:2; 
                    %====================== 
                    if i>1 
                        xa0=xidata{i-1}; 
                        dxadt0=vadata{i-1}; 
                    else 
                        xa0=0; 
                        dxadt0=0; 
                    end 
                    %ABS Beam Response 
                    [ta1,xa1]=ode45(@XAall,ta1,[xa0 dxadt0],i); 
                    tadata{i} = ta1+tiSUM; 
                    xadata{i} = xa1; 
                     
                    if i<2 
                        xbdata{i}=ASpacing*ones(length(xa1),1); 
                        tbdata{i}=tadata{i}; 
                    else 
                         
                        %====================== 
                        tb1=0:.0001:0.4; 
                        %======================= 
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                        xB0=xidata{i-1}-ASpacing; 
                        dxbdt0=vbdata{i-1}; 
                        %PZT Beam Response 
                        global cpztt b_elec_ratio_couple_RD b_elec_ratio_couple_RP b_elec_ratio_pluck_RD 
b_elec_ratio_pluck_RP 
                        [tb1,xb1]=ode45(@XBelectromech,tb1,[xB0 dxbdt0],i); 
                        tbdata{i} = tb1+tiSUM; 
                        xbdata{i} = xb1+ASpacing; 
                    end 
                    %Curvature effects from static deflection thesis 
                    ForceA{i}=(3*Eabs*Iabs*xadata{i}(:,1))/Labs^3; 
                    Phi0A{i}=abs(ForceA{i})*Labs^2/(2*Eabs*Iabs); 
                    PrefactA{i}=sqrt((2*Eabs*Iabs)./abs(ForceA{i})); 
                    yadata{i}=-1*Labs+PrefactA{i}.*sqrt(sin(Phi0A{i})); 
                     
                    for k=1:length(yadata{i}) 
                        if isnan(yadata{i}(k,1))==1 
                            yadata{i}(k,1)=0; 
                        end 
                    end 
                     
                    ForceB{i}=(3*Epzt*Ipzt*(xbdata{i}(:,1)-ASpacing))/Lpzt^3; 
                    Phi0B{i}=abs(ForceB{i})*Lpzt^2/(2*Epzt*Ipzt); 
                    PrefactB{i}=sqrt((2*Epzt*Ipzt)./abs(ForceB{i})); 
                    ybdata{i}=-1*Overlap+Lpzt-PrefactB{i}.*sqrt(sin(Phi0B{i})); 
                    for l=1:length(ybdata{i}) 
                        if isnan(ybdata{i}(l,1))==1 
                            ybdata{i}(l,1)=-1*Overlap; 
                        end 
                    end 
                     
                    %Search for Impact 
                    for j=1:length(xbdata{i}) 
                         
                        if stepnum==2 || stepnum==3 
                            if xbdata{i}(j,1)<xadata{i}(j,1) && j~=1 && yadata{i}(j,1)-ybdata{i}(j,1)>0 %&& 
yadata{i}(j-1,1)-ybdata{i}(j-1,1)>0 %regular impact 
                                stepnum=3; 
                                tidata{i}=tadata{i}(j,1); 
                                xidata{i}=xadata{i}(j,1); 
                                break 
                            elseif j>=length(xbdata{i}) 
                                error('No Impact detected') 
                            end 
                        elseif stepnum==1  || stepnum==4 
                            if xbdata{i}(j,1)>xadata{i}(j,1) && j~=1 && yadata{i}(j,1)-ybdata{i}(j,1)>0 %&& 
yadata{i}(j-10,1)-ybdata{i}(j-10,1)>0 %regular impact 
                                stepnum=1; 
                                tidata{i}=tadata{i}(j,1); 
                                xidata{i}=xadata{i}(j,1); 
                                break 
                            elseif j>=length(xbdata{i}) 
                                error('No Impact detected') 
                            end 
                        end 
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                        if stepnum==3 
                            if xbdata{i}(j,1)<xadata{i}(j,1) && j~=1 && yadata{i}(j,1)-ybdata{i}(j,1)<0 %&& 
yadata{i}(j-10,1)-ybdata{i}(j-10,1)<0 %pluck 
                                stepnum=4; 
                                tidata{i}=tadata{i}(j,1); 
                                xidata{i}=xadata{i}(j,1); 
                                freqpzt=sqrt(kpzt/mpzt); %rad/s 
                                break 
                            elseif j>=length(xbdata{i}) 
                                disp('No Impact detected') 
                                continue 
                                 
                            end 
                             
                             
                             
                             
                        elseif stepnum==1 
                            if xbdata{i}(j,1)>xadata{i}(j,1) && j~=1 && yadata{i}(j,1)-ybdata{i}(j,1)<0 %&& 
yadata{i}(j-10,1)-ybdata{i}(j-10,1)<0 %pluck,; 
                                stepnum=2; 
                                tidata{i}=tadata{i}(j,1); 
                                xidata{i}=xadata{i}(j,1); 
                                break 
                            elseif j>=length(xbdata{i}) 
                                disp('No Impact detected') 
                                continue 
                            end 
                        end 
                         
                         
                    end 
                     
                     
                    %check for beam overstress 
                     
                    if (abs(xidata{i}(1,1)-ASpacing))*3*.5*Epzt*tpzt/Lpzt^2 > 60e6 
                        error('PZT beam over stressed and failed') 
                    end 
                     
                     
                    tiSUM=tidata{i}; 
                    %Find initial velocities 
                     
                    uadata{i}=(xadata{i}(j+1,1)-xadata{i}(j,1))/(tadata{i}(j+1,1)-tadata{i}(j,1)); 
                    ubdata{i}=(xbdata{i}(j+1,1)-xbdata{i}(j,1))/(tbdata{i}(j+1,1)-tbdata{i}(j,1)); 
                     
                    COR=0.5; 
                    %Calculate departure velocities 
                    vadata{i}=(mabs*uadata{i}+mpzt*ubdata{i}+mpzt*COR*(ubdata{i}-
uadata{i}))/(mabs+mpzt); 
                    vbdata{i}=(mabs*uadata{i}+mpzt*ubdata{i}+mabs*COR*(uadata{i}-
ubdata{i}))/(mabs+mpzt); 
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                    XAdata{i}=xadata{i}(1:j,1); 
                    TAdata{i}=tadata{i}(1:j,1); 
                    YAdata{i}=yadata{i}(1:j,1); 
                    XBdata{i}=xbdata{i}(1:j,1); 
                    TBdata{i}=tbdata{i}(1:j,1); 
                    YBdata{i}=ybdata{i}(1:j,1); 
                     
                    %======================DISPLACEMENT=============== 
                    figure(omn) 
                    subplot(5,1,1) 
                    plot(TAdata{i},XAdata{i}(:,1)*1000,'k',TBdata{i},XBdata{i}(:,1)*1000,'k') 
                    hold on 
                    xlabel('Time (s)'); 
                    ylabel('Displacement (mm)'); 
                    %hleg1 = legend('ABS Beam','PZT Beam'); 
                    %set(hleg1,'Location','SouthWest') 
                    title(['Overlap: ' num2str(prct*100) '%; Frequency: ' num2str(freqHz) 'Hz; Acceleration: ' 
num2str(accel) 'g; Operation Mode: ' num2str(omn)]) 
                    %===================================================== 
                     
                end 
                 
                 
                hold off 
                 
                 
                 
                 
                for m=1:n 
                    Vopen{m}=(d31/eps)*3/2*kpzt*Lpzt/(Wpzt*tpzt)*(XBdata{m}-ASpacing); %open circuit 
voltage 
                     
                    %=========================VOLTAGE======================= 
                    figure(omn) 
                    subplot(5,1,2) 
                    plot(TBdata{m},Vopen{m},'k') 
                    hold on 
                    xlabel('Time (s)'); 
                    ylabel('Voltage (V)'); 
                     
                    %======================================================== 
                     
                     
                end 
                 
                hold off 
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                Varray=cell2mat(Vopen); %converting the cell of Vopen to a matrix 
                if operation_mode==1 || operation_mode==2 
                    freqpzt=omega_couple; %rad/s 
                elseif operation_mode==3 || operation_mode==4 
                    freqpzt=omega_pluck; %rad/s 
                end 
                 
                VoltDivP=(RoptP*freqpzt*Cap)^2/(1+(RoptP*freqpzt*Cap)^2); %voltage division for not tuned 
frequencies 
                VoltDivD=(RoptD*freqpzt*Cap)^2/(1+(RoptD*freqpzt*Cap)^2); 
                 
                VoltLoadD=Varray*sqrt(VoltDivD); 
                VoltLoadP=Varray*sqrt(VoltDivP); 
                 
                ParrayD=VoltDivD*Varray.^2./(RoptD); %Power array 
                ParrayP=VoltDivP*Varray.^2./(RoptP); 
                 
                 
                 
                Tarray=cell2mat(TBdata); 
                PintD=cumtrapz(Tarray,ParrayD); %integrating power to find energy 
                PintP=cumtrapz(Tarray,ParrayP); 
                 
                 
                 
                if operation_mode==1||operation_mode==3 %this displays average power on the matlab window 
                    AvgPowerD=PintD(end)/Tarray(end) 
                    AvgPowerP=0 
                else 
                    AvgPowerP=PintP(end)/Tarray(end) 
                    AvgPowerD=0 
                end 
                 
                 
                subplot(5,1,3) 
                 
                 
                plot(Tarray,VoltLoadD,'k'); 
                 
                hold on 
                xlabel('Time (s)'); 
                ylabel('Voltage (V)'); 
                 
                 
                 
                subplot(5,1,4) 
                 
                 
                    plot(Tarray,ParrayD*1000,'k'); 
                 
                hold on 
                xlabel('Time (s)'); 
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                ylabel('Power (mW)'); 
                 
                 
                subplot(5,1,5) 
                 
                 
                    plot(Tarray,PintD*1000,'k'); 
                 
                hold on 
                xlabel('Time (s)'); 
                ylabel('Energy (mJ)'); 
                 
                 
                 
                 
                 
                % save figures 
                
%saveas(figure(omn),fullfile('C:','Users','cowsky.alavi','Dropbox','TIAN','PROCESSING','Diving-or-
plucking','SMS figure','figure4&5','figure',... 
                %['A' num2str(accel) ' F' num2str(freqHz) ' L' num2str(prct) ' M' num2str(operation_mode) ' 
APD' num2str(AvgPowerD) ' APP' num2str(AvgPowerP) '.jpg'])); 
                 
                 
                
%saveas(figure(omn),fullfile('C:','Users','cowsky.alavi','Dropbox','TIAN','PROCESSING','Diving-or-
plucking','SMS figure','figure4&5','figure',... 
                %['A' num2str(accel) ' F' num2str(freqHz) ' L' num2str(prct) ' M' num2str(operation_mode) ' 
APD' num2str(AvgPowerD) ' APP' num2str(AvgPowerP) '.fig'])); 
                 
                 
                DispABS=cell2mat(XAdata); 
                DispPZT=cell2mat(XBdata); 
                Tarray; 
                Varray=cell2mat(Vopen); 
                ParrayD; 
                EarrayD=PintD; 
                ParrayP; 
                EarrayP=PintP; 
                 
                xlswrite(['A' num2str(accel) ' F' num2str(freqHz) ' L' num2str(prct) ' M' 
num2str(operation_mode) ' APD' num2str(AvgPowerD*1000) ' APP' num2str(AvgPowerP*1000) '.xlsx'], 
... 
                    [Tarray DispABS DispPZT Varray VoltLoadD ParrayD EarrayD ParrayP EarrayP]); 
                 
                saveas(figure(omn),['A' num2str(accel) ' F' num2str(freqHz) ' L' num2str(prct) ' M' 
num2str(operation_mode) ' APD' num2str(AvgPowerD*1000) ' APP' num2str(AvgPowerP*1000) '.png']); 
                 
                 
                saveas(figure(omn),['A' num2str(accel) ' F' num2str(freqHz) ' L' num2str(prct) ' M' 
num2str(operation_mode) ' APD' num2str(AvgPowerD*1000) ' APP' num2str(AvgPowerP*1000) '.fig']); 
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                saveas(figure(omn),['A' num2str(accel) ' F' num2str(freqHz) ' L' num2str(prct) ' M' 
num2str(operation_mode) ' APD' num2str(AvgPowerD*1000) ' APP' num2str(AvgPowerP*1000) '.pdf']); 
                 
                 
            end 
        end 
    end 
end 
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FUNCTION “keep” 
 
function keep(varargin); 
%KEEP keeps the caller workspace variables of your choice and clear the rest. 
%       Its usage is just like "clear" but only for variables. 
% 
%       Xiaoning (David) Yang   xyang@lanl.gov 1998 
%       Revision based on comments from Michael McPartland, 
%       michael@gaitalf.mgh.harvard.edu, 1999 
  
%       Keep all 
if isempty(varargin) 
        return 
end 
  
  
%       See what are in caller workspace 
wh = evalin('caller','who'); 
  
  
%       Check workspace variables 
if isempty(wh) 
        error('  There is nothing to keep!') 
end 
  
  
%       Construct a string containing workspace variables delimited by ":" 
variable = []; 
for i = 1:length(wh) 
        variable = [variable,':',wh{i}]; 
end 
variable = [variable,':']; 
  
  
%       Extract desired variables from string 
flag = 0; 
for i = 1:length(varargin) 
        I = findstr(variable,[':',varargin{i},':']); 
        if isempty(I) 
                disp(['       ',varargin{i}, ' does not exist!']) 
                flag = 1; 
        elseif I == 1 
                variable = variable(1+length(varargin{i})+1:length(variable)); 
        elseif I+length(varargin{i})+1 == length(variable) 
                variable = variable(1:I); 
        else 
                variable = [variable(1:I),variable(I+length(varargin{i})+2:length(variable))]; 
        end 
end 
  
  
%       No delete if some input variables do not exist 
if flag == 1 



	 151 

        disp('       No variables are deleted!') 
        return 
end 
  
  
%       Convert string back to cell and delete the rest 
I = findstr(variable,':'); 
if length(I) ~= 1 
        for i = 1:length(I)-1 
                if i ~= length(I)-1 
                        del(i) = {[variable(I(i)+1:I(i+1)-1),' ']}; 
                else 
                        del(i) = {variable(I(i)+1:length(variable)-1)}; 
                end 
        end 
        evalin('caller',['clear ',del{:}]) 
end  
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FUNCTION XAall 
 
function xAdot = XAall(t,x) 
  
%variables 
mabs=1/100; %kg 
cabs=.03; %N-s/m 
kabs=22.41215175; %N/m 
wabs=(kabs/mabs)^0.5; %rad/s 
g=9.81; %m/s^2 
  
tiSUM = evalin( 'base', 'tiSUM' ); %uses workspace  
accel = evalin( 'base', 'accel' ); %uses workspace  
freq = evalin( 'base', 'freq' ); %uses workspace 
  
xAdot1=x(2); 
xAdot2=(((accel*g*mabs*sin(freq*(t+tiSUM)))-cabs*x(2)-kabs*x(1)))/mabs; 
xAdot=[xAdot1;xAdot2]; 
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FUNCTION XBelectromech 
 
function xBdot = XBelectromech(tb,xb) 
  
global cpztt b_elec_ratio_couple_RD b_elec_ratio_couple_RP b_elec_ratio_pluck_RD 
b_elec_ratio_pluck_RP 
  
%variables 
mabs=1/100; %kg 
kabs=22.41215175; %N/m 
mpzt=.8/1000*.2427; %kg 
cpztm=0.005; %N-s/m 
mcoup=mabs+mpzt; %kg 
Epzt=66e9; %Pa 
  
  
d31=1.9e-10; %C/N 
tpzt=.51/1000; %m 
eps=1.59e-8; %F/m 
kpzt=415.8049935; %N/m 
Lpzt=31.8/1000; %m 
Wpzt=6.4/1000; %m 
  
omega_couple=sqrt((kpzt+kabs)/(mpzt+mabs)); %rad/s 
omega_pluck=sqrt(kpzt/mpzt); %rad/s 
  
Cap=7.4e-9; %F 
RoptP=1/(sqrt(kpzt/mpzt)*Cap); 
RoptD=1/(sqrt((kpzt+kabs)/(mpzt+mabs))*Cap); 
%Source Loads 
RS_couple=1/(omega_couple*Cap); 
RS_pluck=1/(omega_pluck*Cap); 
%electrical damping ratio terms 
b_elec_ratio_couple_RD=((RoptD*omega_couple^2*Cap^2)/(1+RoptD^2*omega_couple^2*Cap^2))*((9*
d31^2*Epzt^2*tpzt^4)/(128*eps^2*Lpzt^4))*(1/(mcoup*omega_couple^3)); 
b_elec_ratio_couple_RP=((RoptP*omega_couple^2*Cap^2)/(1+RoptP^2*omega_couple^2*Cap^2))*((9*d
31^2*Epzt^2*tpzt^4)/(128*eps^2*Lpzt^4))*(1/(mcoup*omega_couple^3)); 
b_elec_ratio_pluck_RD=((RoptD*omega_pluck^2*Cap^2)/(1+RoptD^2*omega_pluck^2*Cap^2))*((9*d3
1^2*Epzt^2*tpzt^4)/(128*eps^2*Lpzt^4))*(1/(mpzt*omega_pluck^3)); 
b_elec_ratio_pluck_RP=((RoptP*omega_pluck^2*Cap^2)/(1+RoptP^2*omega_pluck^2*Cap^2))*((9*d31
^2*Epzt^2*tpzt^4)/(128*eps^2*Lpzt^4))*(1/(mpzt*omega_pluck^3)); 
  
  
operation_mode = evalin( 'base', 'operation_mode' ); %uses workspace operation mode 
if operation_mode==1 
    cpztt=cpztm+b_elec_ratio_couple_RD*2*mcoup*omega_couple; 
elseif operation_mode==2 
    cpztt=cpztm+b_elec_ratio_couple_RP*2*mcoup*omega_couple; 
elseif operation_mode==3 
    cpztt=cpztm+b_elec_ratio_pluck_RD*2*mpzt*omega_pluck; 
elseif operation_mode==4 
    cpztt=cpztm+b_elec_ratio_pluck_RP*2*mpzt*omega_pluck; 
end 
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xBdot1=xb(2); 
xBdot2=(-cpztt*xb(2)-kpzt*xb(1))/mpzt; 
xBdot=[xBdot1;xBdot2]; 
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Appendix C. Passively tuning beam length for rotational energy 

harvesters 

 

 

C.1. Introduction 

Appendix C presents a design and models of a new type of passively self-tuned energy 

harvester that is designed to extract vibrational energy from rotational motion with a greatly 

increased harvesting bandwidth. As shown in figure C.1, the harvester comprises a low-

modulus (e.g. plastic), non-piezoelectric cantilever mounted radially at a distance from the 

axis of the rotation. In addition to the cantilever’s fixed support, it is also constrained by a 

moveable “quasi-fixed support”. The quasi-fixed support is provided by a “slider”, an 

element mounted on a radially-oriented spring that can translate radially outward under the 

influence of centrifugal force. The slider constrains the beam’s oscillation, effectively 

shortening the harvesting beam. The harvesting beam has a tip-mounted proof mass and a 

PZT element mounted near the slider support.  

 

 

Figure C.1. Schematic diagram of the self-tuned energy harvester with length tuning. 
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As the platform rotates in the vertical plane, gravity drives vertical oscillation of the 

beam. As rotational frequency increases, increasing axial tension in the harvester and 

decreasing harvester length increase the harvester’s resonant frequency, ensuring that 

driving frequency approximately matches resonant frequency over a wide frequency range. 

 

C.2. Modeling 

Energy harvesters that are tuned solely by centrifugally-driven axial tensioning have 

been analyzed by applying the equations of motion of a cantilever beam for small 

deflections [Armand 1993] and relevant boundary conditions. With appropriate choice of 

system parameters, this yields a matching relationship between driving frequency and 

resonant frequency over a relatively wide range of operating frequencies [Gu 2010].  
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Table C.1. Properties of the harvester 

Cantilever Beam 

Young’s modulus 2.3 Gpa 

Density 1048 kg/m3 

Width 9 mm 

Thickness 0.5 mm 

Initial effective length 80 mm 

Quasi-fixed Support (Slider) 

Weight 5 g 

Axial length 20 mm 

Initial position of the fix-beam face 65 mm 

PZT (X-poled) 

Thickness 0.51 mm 

Width 3.2 mm 

Length 31.8 mm 

Proof Mass at the Tip 2 g 

 

The dependence of the resonant frequency of a cantilever on its length can be used to 

provide additional frequency tuning beyond what is available with pure centrifugally-

driven axial tensioning. The resonant frequency fr of a cantilever with a tip mass is given 

as [Blevins 2011] 

 

fr=
1

2π
Yωh3

4l3 m+0.24mc
,                                                 (C.1) 
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where Y is the beam’s Young’s modulus, w, h and l are its width, thickness and length 

respectively, m is the tip mass, and mc is the mass of the beam. The resonant frequency 

increases monotonically with decreasing beam length; this fact is used here to provide 

additional passive frequency tuning by varying the effective beam length l. The effective 

beam length l is related to the movement of the slider and the centrifugal force as  

 

fc=ms r0+x ωd
2 ,                                                      (C.2) 

 

where r0 is the initial radial distance of the slider from the center of the rotating platform, 

x is the displacement of the slider caused by centrifugal force, ωd is the driving frequency 

of the platform, and ms is the mass of the slider. The effective length of the beam is thus  

 

l=L,                                                                           (C.3) 

 

where L is the zero-speed operating length of the beam.  

The slider’s displacement from its origin is designed to be constrained by a linear 

spring with a spring characteristic of  

 

fc=kx,                                                                      (C.4) 

 

or by a nonlinear spring with a spring characteristic of  
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fc=k1x+k3x3,                                                             (C.5)  

 

where k1 , k3 and k  are the corresponding stiffness coefficients. For practical 

implementation, the behavior of a nonlinear spring can be approximated by a linear spring 

with a motion stop or by a combination of two linear springs that act over different but 

overlapping ranges of slider displacement.  Note that the resonant frequency and stiffness 

were calculated approximately using the whole length of the beam (starting from the end 

of the slider) without considering the added stiffness from the attached PZT near the base. 

The effect of PZT on the stiffness can be found by modeling a composite structure through 

moment equilibrium analysis.  

These equations were used along with the equations for tuning by axial tensioning to 

design wide-band, passively tuned rotational energy harvesters. Table C.1 describes the 

geometry and material properties of an optimized macroscale harvester design. The 

analytical model was implemented numerically to create the optimized design and to 

predict its performance. The slider displacement was allowed to vary from 0 mm to 9 mm, 

corresponding to effective beam lengths from the full 80 mm to 71 mm. The optimal linear 

and nonlinear spring constants were determined by fitting the calculated resonant 

frequency to the drive frequency over a frequency range from 14.5 Hz to 52.5 Hz. Figure 

C.2 plots the calculated resonant frequencies vs. driving frequency for three cases: with 

length tuning using an optimized linear spring, with length tuning using an optimized 

nonlinear spring, and without length tuning. In each case, tuning by axial tensioning was 

also taken into account. Figure C.3 plots the mismatch frequency (the difference between 

driving and resonant frequency) for the same three cases.  
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Figure C.2. Plot of predicted resonance frequencies vs. drive frequency for no length 
tuning, length tuning with a linear spring, and length tuning with a nonlinear spring. All 
cases include tension tuning. 
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Figure C.3. Plot of mismatch vs. driving frequency for no length tuning, length tuning 
with a nonlinear spring, and length tuning with a linear spring. All cases include tension 
tuning. 

 

All three approaches result in matching of the harvester’s resonant frequency to the 

driving frequency over some frequency range. The smallest matched frequency range is 

obtained by the harvester that tunes only by axial tensioning and not by changes in beam 

length (green). Tuning with a linear spring (red) adds about 20 Hz to the driving frequency 

range in which the driving and resonant frequencies differ by less than 0.5 Hz, except for 

a window around 26 Hz where it increases slightly to 0.56 Hz of mismatch. Tuning with a 

nonlinear spring (blue) extends the matched frequency range out to 49 Hz, more than 30 

Hz further than is obtained without length tuning. 

To estimate the predicted power output of length-tuned energy harvesters, a simple 1-

D electromechanical analytical model was applied [duToit 2005]. The use of a single 
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degree of freedom model is a substantial oversimplification of the bending case, as it 

assumes that strain is uniform within the harvester rather than having the characteristic 

spatial variations of a bending beam. It will therefore overestimate the power output.  The 

benefits of using this model are its computational simplicity.  Although the results are not 

exact, they are at the correct order of magnitude and will capture the impact of frequency 

matching on the power bandwidth. The power per unit of acceleration squared is given as 

follows [duToit 2005]: 

 

Pout
ωB 2 = meff 1/ωN rke

2 Req/Rl Ω
2

1- 1+2ζmr Ω2 2
+ 1+ke

2 rΩ+2ζmΩ-rΩ3 2 ,             (C.6) 

 

The parameter ζm is the damping ratio, which can be derived from measured results 

[Gu 2011]. The effective mass meff approximately equals the proof mass. The parameters 

Ω=ω/ωN, r=ωNReqCp and ke
2= k31

2

1-k31
2  are dimensionless parameters defined to simplify the 

analysis. The equivalent resistance Req is assumed to be approximately equal to the load 

resistance Rl as the leakage resistance is small compared with load resistance. The power 

per unit of acceleration squared is converted to power by multiplying it by the square of 

gravitational acceleration (g2), because the platform on which the harvester is mounted 

rotates in a gravitational field. 

For model implementation, the piezoelectric coupling coefficient k31 is taken to be 

equal to 0.35 [Low 1995]. The capacitance	Cp  of the PZT is determined by the active 

dimensions of the capacitor, which changes as the slider varies the effective length of the 
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active region of the PZT. The load resistance was chosen as 1838 kΩ to be well matched 

for a specific capacitance at a frequency of 30 Hz.  

 

 

Figure C.4. Plot of the predicted power vs. driving frequency for length tuning with both 
linear and non-linear springs. 

 

The predicted power output of the self-tuning energy harvester with both linear length 

tuning and nonlinear length tuning were calculated and plotted in Figure C.4. For length 

tuning with a linear spring, the power peaks at 28 Hz, giving a 2.6 mW output and a 30 Hz 

bandwidth. For length tuning with a nonlinear spring, the power peaks at 28 Hz with a 

similar maximum power output but has a 43 Hz bandwidth. The calculated power output 

values are overestimates as described above and must be treated accordingly.  Nonetheless, 

this new type of passive self-tuning architecture offers effective power conversion over 

nearly 80% of the frequency range from 0 to 55 Hz. For this harvester with a quality factor 
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of about 10, the frequencies at which power drops to half of its maximum value correlate 

well with the points at which the difference between driving and resonant frequency 

exceeds about 0.5Hz, as presented in Figure C.3. 

 
 

 

 

 
 

 
 
 

 
 




